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SUHOLPLQDU\  RQO\ IRU GLVFXVVLRQ
Devwudfw
Lq pdq| lqvwdqfhv zkhuh dq dxwkrulw| wulhv wr lq xhqfh ehkdylruv/
hqvxulqj dq dghtxdwh shufhswlrq ri wkh djhqwv lv qrw ohvv lpsruwdqw
wkdq vhwwlqj lghdo lqfhqwlyhv1 D gl!fxow| dulvhv zkhq wkh dxwkrulw|
zrxog olnh wr lpsuryh wkhlu lpshuihfw frhuflyh lqvwuxphqwv e| gholy0
hulqj eldvhg lqirupdwlrq +h{djjhudwlrq ru dwwhqxdwlrq, wr wkh plveh0
kdyhu1 Zh ghyhors wkh fdvh ri frqvxpswlrq fkrlfh lq wkh suhvhqfh
ri xqfhuwdlq h{whuqdo h￿hfwv1 Zh vwxg| wkh frqvwudlqwv wkdw wkh frq0
 lfw ri lqwhuhvw sxwv rq htxloleulxp srolflhv1 Dqwl0vprnlqj fdpsdljqv
dqg srolf| djdlqvw dqwlelrwlfv ryhu0frqvxpswlrq vhuyh dv looxvwudwlrqv1
Whfkqlfdoo|/ zh vroyh d prgho ri vljqdo fxp fkhds wdon1
Nh|0zrugv= Lqirupdwlrq hfrqrplfv/ Sxeolf hfrqrplfv/ Ulvn/
Frqvxphu ehkdylru1
4 Lqwurgxfwlrq
Lq fodvvlfdo sxeolf hfrqrplf wkhru|/ wkh Sljrxyldq wd{ lv wkh shuihfw wrro
djdlqvw h{whuqdo hhfwv1 E| fkrrvlqj wkh dssursuldwh udwh/ wkh Jryhuqphqw
fdq ohdyh hfrqrplf djhqwv iuhh wr fkrrvh wkhlu dfwlrqv zlwk wkh vdph ghjuhh
￿Zh kdyh uhfhlyhg ydoxdeoh frpphqwv/ vxjjhvwlrqv ru fruuhfwlrqv e| Wkrpdv gh Jdulgho/
Euxqr Mxoolhq/ dqg vhplqdu sduwlflsdqwv dw wkh Hfroh ghv Srqwv +Sdulv, dqg dw wkh Hxurshdq
Jurxs ri Ulvn dqg Lqvxudqfh Hfrqrplvwv +Pdgulg,1 K￿oºqh Erulhv/ Sdwulfn Frxuydolq dqg
Dqqd Plqjdugl khoshg xv gudz wkh slfwxuh ri dqwlelrwlfv lq wkh lqwurgxfwlrq1 Huuruv/ lq
dq| fdvh/ duh rxu uhvsrqvlelolw|1
|JUHPDT/ Xqlyhuvlw| ri Wrxorxvh1
}Fruuhvsrqglqj dxwkru= Ehuwudqg Yloohqhxyh/ LGHL/ Xqlyhuvlw￿ gh Wrxorxvh 4/ 54 doo￿h
gh Eulhqqh/ 64333 Wrxorxvh/ IUDQFH1 H0pdlo= yloohqhxCflfw1iu1
4ri vhovkqhvv/ dqg qhyhuwkhohvv rewdlq wkh lghdo rxwfrph/ dv li shrsoh zhuh
lqwhuqdol}lqj wkh h{whuqdolw|1 Dssolhg wr wkh hqylurqphqw/ wklv lghd kdv jlyhq
d edvlv iru wd{hv rq hplvvlrqv1 Lq sudfwlfh/ wkh dssolfdelolw| ri wkh sulqflsoh
lv idu iurp reylrxv zkhq zh frqvlghu wkdw shrsoh uhdfw wr wkh wd{hv wkh| duh
lpsrvhg dv zhoo dv wr wkhlu +ohvv wkdq lghdo, xqghuvwdqglqj ri wkh odzv ri
qdwxuh +ru ri wkh hfrqrp|,111
Wklv sdshu exlogv rq wzr revhuydwlrqv1 Wkh uvw lv wkdw wd{ srolf| ru
dq| rwkhu frhuflyh duudqjhphqw jhqhudwh glvwruwlrqv dzd| iurp wkh uvw0ehvw
+wklv pd| eh udwlrqdol}hg lq pruh wkdq rqh zd|/ lq sduwlfxodu zlwk ydulrxv
vshflhv ri dv|pphwulf lqirupdwlrq,> wkh vhfrqg lv wkdw/ xqghu xqfhuwdlqw|/
frqvxphuv duh uhvsrqvlyh wr qhz lqirupdwlrq rq wkh lpsdfw ri wkhlu dfwlrqv1
Surylghg lqirupdwlrq frphv iurp vrxufhv zklfk duh qrw doo lqghshqghqw ri
wkh Jryhuqphqw/ wd{ srolf| dqg lqirupdwlrq fdpsdljqv duh qrw lqghshqghqw/
dqg vkrxog eh xqghuvwrrg dv d zkroh1 Zh looxvwudwh krz wkh Jryhuqphqw/
hyhq lq wkh k|srwkhwlfdo fdvh zkhuh lw ghihqgv sxeolf lqwhuhvw +iru fodulw|/
wklv h{suhvvlrq ehduv qr dpeljxlw| lq rxu dssurdfk,/ pd| wu| wr surgxfh
zlwk eldvhg eholhiv zkdw lw fdq*w dwwdlq zlwk lpshuihfw lqvwuxphqwv1 Wkh
dujxphqw lv jhqhudo/ exw lq rxu prgho/ wklv lpsolhv hfrqrpl}lqj sxeolf prqh|
e| dhfwlqj wkh sxeolf*v phqwdo uhsuhvhqwdwlrq ri wkh lvvxh1 Dw wkh olplw/ wkh
uvw0ehvw doorfdwlrq fdq eh dwwdlqhg zlwk d ydvw lpsrvwxuh111
Pdq| h{dpsohv fdq eh irxqg lq hqylurqphqwdo dqg khdowk hfrqrplfv1
Dqwl wredffr srolf| uholhv erwk rq qdqfldo frqvhtxhqfhv +surklelwlrq ehlqj
vhhq dv d phuh h{wuhph irup ri wd{dwlrq, dqg rq hgxfdwlrq= wkh frqvxphu
uhdfwv wr wkh sulfh +frpsulvhg wkh wd{, exw dovr wr klv shufhswlrq ri wkh lp0
sdfw rq khdowk +klv dqg rwkhuv*,1 Frpsduhg wr wkh iruphu/ wkh odwwhu hhfw lv
lqwxlwlyho| qrw qhjoljleoh1 Dghtxdf| ri shufhswlrq dw wkh lqglylgxdo ohyho lv
qrw jxdudqwhhg/ dqg d srsxodwlrq pd| eh vljqlfdqwo| khwhurjhqrxv lq wklv
uhvshfw1 Lw vhhpv wkdw gudpdwlf frppxqlfdwlrq fdpsdljqv kdyh sduwldoo|
plvvhg wkhlu srlqwv1 Wzr w|slfdo dwwlwxghv ri wkh sxeolf duh hqfrxqwhuhg=
txlwh riwhq/ shrsoh wdnh h{wuhph phvvdjhv iru judqwhg +cwredffr nloov*, dqg
ehfrph lqwrohudqw +lq wkh vhqvh wkdw wkh| ghyrwh wrr pdq| uhvrxufhv wr wklv
fdxvh,/ ru/ txlwh riwhq wrr/ wkh| ehfrph h{djjhudwhgo| vnhswlf dqg nhhs vprn0
lqj wrr pxfk1
Dqwlelrwlfv ryhufrqvxpswlrq lv dovr d ydoxdeoh looxvwudwlrq ri d fdwhjru|
ri sureohpv srvhg wr wkh khdowk dxwkrulwlhv14 Dv lw lv zhoo grfxphqwhg/ eurdg
vshfwuxp dqwlelrwlfv kdyh d grxeoh qhjdwlyh lpsdfw/ ehvlghv wkh reylrxv ehq0
hfldo hhfwv1 Dw wkh lqglylgxdo ohyho/ wkh| kdyh vhfrqgdu| hhfwv +qrwdeo|
wkh| fohdu wkh zd| wr pruh kdupixo jhupv,>5 dw wkh vrfldo ohyho/ wkh| hqkdqfh
4Vhh Ohy| +4<<5, iru wkh phglfdo ylhzsrlqw/ dqg Eurzq dqg Od|wrq +4<<9, iru dq
h{fhoohqw hfrqrplf dqdo|vlv ri wkh h{whuqdo h￿hfwv lqyroyhg1
5Lq jhqhudo eurdg0vshfwuxp dqwlelrwlfv ghfuhdvh lqglylgxdo*v lppxqrorj| uhdfwlrq dqg/
5uhvlvwdqfh ri wkh jhupv lqyroyhg lq hslghplf glvhdvhv1 Dv d frqvhtxhqfh/
dw hyhu| vxevhtxhqw looqhvv hslvrgh/ wkh lqglylgxdoo| rswlpdo wuhdwphqw pd|
whqg wr lqfuhdvh idvwhu wkdq wkh vrfldoo| rswlpdo rqh16 Wklv wkuhdw lv douhdg|
d krw lvvxh iru khdowk dxwkrulwlhv dqg rujdql}dwlrqv zruogzlgh/ dqg surihv0
vlrqdo duh idluo| dzduh ri wkh qhhg iru sxeolf srolf|1 Qhyhuwkhohvv/ wkh vwdnhv
uhpdlq vrphzkdw ydjxh dqg uhprwh iru wkh jhqhudo sxeolf17 Dv rxu zrun
zdqwv wr vxjjhvw/ dv|pphwulf lqirupdwlrq ehwzhhq wkh surihvvlrqdov dqg wkh
sdwlhqwv frpsolfdwhv wkh hoderudwlrq ri dq h!flhqw srolf| frpelqlqj frhuflyh
dqg lqirupdwlyh glphqvlrqv1
Dv hfrqrplvwv dffxvwrphg wr prgho udwlrqdo vroxwlrqv wr vrfldo lqwhudf0
wlrqv/ zh zlvk wr dyrlg h{sodlqlqj srolf| vxffhvv ru idloxuh zlwk luudwlrqdo
ehkdylru ri wkh sxeolf1 Rxu dssurdfk lv hvvhqwldoo| edvhg rq htxloleulxp qr0
wlrqv/ zkhuh shrsoh duh qrw v|vwhpdwlfdoo| irrohg +wkh| lqwhusuhw dfwlrqv lq
d Ed|hvldq zd|, dqg zkhuh/ xqghu wklv frqvwudlqw/ wkh Jryhuqphqw wulhv/
wr jhw wkh ehvw ri lwv dydlodeoh lqvwuxphqwv1 Wklv zrun fkdudfwhul}hv sxeolf
srolflhv +wd{ udwhv dqg lqirupdwlrq fdpsdljqv ã od Fudzirug dqg Vreho 4<;5,
wkdw uhvlvw wkh sxeolf*v vrsklvwlfdwhg xqghuvwdqglqj ri sursdjdqgd1
Ehiruh jrlqj rq/ zh zrxog olnh wr foduli| wkh vfrsh zh jlyh wr lqirupdwlrq
fdpsdljqv lq rxu prgho1 Iluvw ri doo/ zh wuhdw lqirupdwlrq fdpsdljqv dv
vwdwhphqwv xvhg e| wkh dxwkrulw| wr lq xhqfh wkh sxeolf*v shufhswlrq ri wkh
sureohp +h1j1 vprnh gdpdjhv ru dqwlelrwlfv lqgxfhg uhvlvwdqw edfwhuld,1 D
ixqgdphqwdo fkdudfwhulvwlf ri lqirupdwlrq fdpsdljqv lq rxu prgho lv wkdw
wkh| kdyh qr gluhfw frqvhtxhqfh rq wkh dxwkrulw|*v dqg rq wkh frqvxphuv*
xwlolw|= wkh| duh frpsohwho| frvwohvv dqg/ dv d frqvhtxhqfh/ wkh| hqwhu lqwr
wkh fdwhjru| ri fkhds wdon phvvdjhv1 Wklv lpsolhv wkdw wkh olwhudo phdqlqj
ri wkh lqirupdwlrq surylghg lv vx!flhqwo| ydjxh qrw wr eh idovldeoh1 Dv dq
h{dpsoh/ wkh uhdghu fdq wklqn derxw zkdw wredffr upv duh reoljhg wr zulwh
rq fljduhwwhv sdfnhwv lq Iudqfh= cQxlw judyhphqw ã od vdqwì* +Kdupixo wr
khdowk,1 Wklv lv qrw idovh/ exw wkh h{dfw qxdqfh lw ehduv lv d pdwwhu ri vrfldo
frqyhqwlrq +vshflfdoo| wkh zd| fkhds wdon lv lqwhusuhwhg,1 Wkxv zh pdnh
khuh d glvwlqfwlrq ehwzhhq lqirupdwlrq fdpsdljqv dqg zkdw zh fdq fdoo kdug
dv d frqvhtxhqfh/ qhz glvhdvhv fdq dulvh1 Pdq| dqwlelrwlfv edvhg rq shqlfloolq duh xvhg wr
wuhdw glvhdvhv olnh eurqfklwlv/ rwlwlv dqg wrqvloolwlv fdxvhg e| gl￿huhqw edfwhuld +vwdsklorfrf0
fxv dxuhxv/ kdhpr￿oxv lq xhq}dh/ vwuhswrfrffxv sqhxprqldh,1 Srvvleoh vhfrqgdu| h￿hfwv
ri shqlfloolq frqvxpswlrq duh Fdqglgd Doelfdqv dqg Khushv1 Erwk vnlq glvhdvhv qhhg vsh0
fl￿f wuhdwphqw= dqwlixqjdo dqg dqwlyludo djhqwv uhvshfwlyho|1 Lq wklv fdvh wkh ghfuhdvh
lq lqglylgxdo*v xwlolw| gxh wr eurdg0vshfwuxp dqwlelrwlf vhfrqgdu| h￿hfwv lv sduwlfxoduo|
hylghqw1
6Dq dvshfw ri wklv ryhufrqvxpswlrq lv wkh pdvvlyh xvh ri dqwlelrwlfv iru euhhglqj fdwwoh1
7Vhh Rnhnh hw do1 +4<<<, iru wkh uhdvrqv/ lq ghyhorslqj frxqwulhv/ iru dqwlelrwlf plvxvh1
Qr grxew wkdw wkh skhqrphqd wkh| srlqw dw duh dovr dfwlyh lq ghyhorshg hfrqrplhv1
6lqirupdwlrq1 Wkh uvw wdnhv wkh irup ri ciuhh* dgyhuwlvlqj/8 zkloh wkh vhfrqg
lpsolhv pdq| frvwv +lq sduwlfxodu wlph, iru erwk sduwv1 Lq idfw/ zkhq kdug
hylghqfh lv surylghg/ wkh dxwkrulw| froohfwv ghwdlohg vflhqwlf nqrzohgjh dqg
pdq| gdwd iurp wkh h{shuwv vxfk wkdw fuhglelolw| ehfrphv dq lvvxh wkdw fdq
rqo| eh flufxpyhqwhg dw d frvw +frqvxphuv kdyh wr vshqg wlph khdulqj dqg
surfhvvlqj wkh qhz lqirupdwlrq,1 Lq rwkhu whupv/ zh wdnh wkh sureohp dw
wkh srlqw zkhuh fkhds/ wuxvwzruwk| e| qdwxuh/ srvvlelolwlhv lq wkh vkruw0uxq
duh h{kdxvwhg1 Zh zloo frph edfn rq wkh glhuhqfh ehwzhhq lqirupdwlrq
fdpsdljqv dqg hgxfdwlrq lq rxu frqfoxglqj uhpdunv1
Wr eh dv vlpsoh dv srvvleoh/ dqg wr udlvh wkh pdlq lvvxhv lq hohphqwdu|
whupv/ wklv prgho dqdo|vhv dq hfrqrp| zkhuh frqvxphuv* fxuuhqw frqvxps0
wlrqv dhfw ixwxuh xwlolwlhv1 Wkh uvw hhfw lv fdxvhg e| wkh frqvxphu*v rzq
frqvxpswlrq/ dqg fdq eh vhhq dv d wrohudqfh hhfw +lq wkh whuplqrorj| ri
guxj dgglfwlrq, ru vhfrqgdu| hhfwv1 Wkh rwkhu hhfw ghshqgv rq djjuhjdwh
frqvxpswlrq dqg lv d w|slfdo h{whuqdolw|1 Frqvxphuv rqo| kdyh suredelolvwlf
eholhiv rq wkh sdudphwhu gulylqj wkh lqwhqvlw| ri vhfrqgdu| hhfwv> dw wkh
vdph wlph/ wkh| gr qrw lqwhuqdol}h wkh h{whuqdo hhfw1 Lq wkh devhqfh ri dq
dssursuldwh sxeolf srolf|/ frqvxphuv fkrrvh lqdghtxdwh fxuuhqw frqvxpswlrq
zlwk uhvshfw wr wkh lqglylgxdo dqg vrfldo rswlpd1
Wkh g|qdplf lqwhusuhwdwlrq wv d vhulhv ri sureohpv zkhuh dq h{kdxvwleoh
uhvrxufh +h1j1 wkh h!fdf| ri dqwlelrwlfv, pd| eh h{sorlwhg wrr idvw li h{whu0
qdolwlhv duh ljqruhg1 Vprnlqj suhyhqwlrq srolf| lv dovr frqvwudlqhg e| vlplodu
g|qdplfv= wkh hhfwv ri wredffr duh qrw dozd|v suhflvho| nqrzq +wkh| pd| eh
xqghu0 ru ryhu0hvwlpdwhg/ vhh Ylvfxvl 4<<3,/ dqg wkh h{whuqdo frqvhtxhqfhv
+vhfrqg0kdqg vprnlqj dqg dgglwlrqdo khdowk fduh frvwv vxssruwhg e| wkh
frppxqlw|, duh qrw qhjoljleoh1 Dqrwkhu lqwhusuhwdwlrq ri wkh prgho lv wr
vhsdudwh wkh jrrgv frqvxphg e| wkh frqvxphu lqwr wzr jurxsv= pdqxidf0
wxuhg frpprglwlhv/ dqg frpprglwlhv wkdw duh frpsohphqwdu| wr wkh txdolw|
ri wkh hqylurqphqw Lq wklv ylhz/ frqvxpswlrq dqg surgxfwlrq ri pdqxidf0
wxuhg jrrgv kdyh dgyhuvh hhfwv rq wkh hqylurqphqw/ l1h1/ lqgluhfwo|/ rq wkh
xwlolw| ghulyhg iurp wkh rwkhu jrrgv1 Wkhvh hhfwv duh sduwo| orfdo dqg sduwo|
joredo/ khqfh wkh qhhg iru lqirupdwlrq rq orfdo hhfwv dqg frhuflrq iru fxue0
lqj joredo hhfwv1
Zh h{dplqh wkh srzhu ri wd{hv frruglqdwhg zlwk +fkhds wdon, lqirupd0
wlrq fdpsdljqv1 Wkh Jryhuqphqw +ru wkh vrfldo sodqqhu/ wr vxppdul}h wkh
ydulrxv erglhv lq fkdujh ri wkh sxeolf*v lqwhuhvw, lv wkh lqiruphg sulqflsdo lq
8Qrwh wkdw rxu dssurdfk lv ydolg li lqirupdwlrq fdpsdljqv duh frvwo|/ exw wkhlu frvwv duh
lqghshqghqw ri wkh phvvdjh wkh dxwkrulw| ghflghv wr vhqg1 Wklv phdqv wkdw wkh gl￿xvlrq
frvw dvvrfldwhg wr dq lqirupdwlrq dv ￿vprnh lv ghwulphqwdo iru rqh*v khdowk￿ lv wkh vdph
ri dq lqirupdwlrq dv ￿vprnh lv yhu| ghwulphqwdo wr rqh*v khdowk￿1 Dv d frqvhtxhqfh/ li
qr0phvvdjh lv qrw d fkrlfh/ zh fdq/ zlwkrxw jhqhudolw| orvv/ qrupdol}h wklv frvw wr }hur1
7wklv prgho1 Wzr dujxphqwv vxssruw wklv dvvxpswlrq1 Iluvwo|/ wkh vwdwh lv
lq d srvlwlrq/ e| qdwxuh/ wr dsshdo wr h{shuwv +flylo vhuydqwv/ surihvvlrqdov/
dfdghplfv/111, zkr duh deoh wr wudqvirup glvshuvhg gdwd dqg uhvxowv lq rshu0
dwlrqdo nqrzohgjh1 +Zh grq*w qhhg wr eholhyh wkdw wklv rshudwlrq lv shuihfw/
vlqfh lw uhpdlqv uhdvrqdeoh wr wklqn wkdw lw lv ehwwhu grqh e| wkh h{shuwv
wkdq e| wkh pdmrulw| ri wkh sxeolf1, Vhfrqgo|/ lw lv olnho| wkdw d uhvhdufkhu/
li kh rewdlqv qhz uhvxowv/ zloo wu| wr frqylqfh wkh dxwkrulwlhv uvw vr dv wr
pd{lpl}h wkh lpsdfw1
Wr holplqdwh/ lq wkh prgho/ wkh frqvhtxhqfhv ri d edg dgplqlvwudwlrq/
zh dvvxph wkdw wkh Jryhuqphqw lv ehqhyrohqw +lw pd{lpl}hv wkh xwlolw| ri
wkh uhsuhvhqwdwlyh frqvxphu,1 Zh sursrvh d vroxwlrq frqfhsw +d Ed|hvldq
htxloleulxp, wr suhglfw wkh htxloleulxp srolflhv dqg doorfdwlrqv1 Zh srlqw dw
wkh ixqgdphqwdo htxloleulxp wudgh0r= pruh suhflvlrq lq wkh phvvdjhv lpsolhv
pruh glvwruwlrq lq wkh doorfdwlrq1 Zh vkrz wkh iroorzlqj= +4, wkh htxloleulxp
lv qhyhu h!flhqw vlqfh wkh Jryhuqphqw lv luuhvlvwleo| lqgxfhg wr pdqlsxodwh
lqirupdwlrq wr jhw wkh ghvluhg uhvsrqvhv dw d orzhu frvw> +5, wkhuh h{lvwv d
xqltxh ixoo| lqirupdwlyh htxloleulxp/ lq zklfk fkhds wdon lv xvhohvv> +6, wkh
prvw lqirupdwlyh htxloleulxp pd| qrw eh wkh prvw ghvludeoh h{ dqwh= jlyhq
fuhglelolw| frvwv/ gholyhulqj urxjk phvvdjhv +e| wuhdwlqj lghqwlfdoo| voljkwo|
glhuhqw vlwxdwlrqv, pd| eh rswlpdo1 Rxu dssurdfk glhuv iurp wkh vwdq0
gdug1 Ilqglqj doo wkh htxloleuld iru d jlyhq hfrqrp| lv lpsrvvleoh lq jhqhudo
+vdyh iru txdgudwlf h{dpsohv lq Fudzirug dqg Vreho 4<;5,1 Zh vroyh wkh
lqyhuvh sureohp= wkh Wkhruhp ri wkh vnhohwrq fkdudfwhul}hv wkh vhw ri glvwule0
xwlrq zklfk vxssruwv d jlyhq doorfdwlrqv1 Zh suryh wkdw wklv vhw lv w|slfdoo|
hpsw|/ ru frqvwudlqhg e| d fhuwdlq qxpehu ri frqglwlrqdo h{shfwdwlrqv1 Wklv
idflolwdwhv glvfxvvlrqv rq h!flhqf|1
Wkh iroorzlqj vhfwlrq ghvfulehv wkh prgho dqg ghqh wkh htxloleulxp qr0
wlrq1 Vhfwlrq 6 ghwhuplqhv rswlpdo doorfdwlrqv dqg h{soruhv wkh uhdvrqv wkdw
suhyhqw wkhp wr eh lpsohphqwhg1 Wkh surshuwlhv ri wkh htxloleuld duh fkdu0
dfwhul}hg lq Vhfwlrq 71 Vhfwlrq 8 frqfoxghv1
5W k h P r g h o
514 Wkh Frqvxphu
Wkh uhsuhvhqwdwlyh frqvxphu olyhv wzr shulrgv dqg wkh ydoxh ri shulrg05 frq0
vxpswlrq lv qhjdwlyho| dhfwhg e| shulrg04 frqvxpswlrq1 Wkh frqvhtxhqfhv
ri shulrg04 frqvxpswlrq rq shulrg05 frqvxpswlrq sdvv wkurxjk wzr glvwlqfw
fkdqqhov1
8 Vhfrqgdu| hhfwv duh gxh wr wkh frqvxphu*v rzq frqvxpswlrq lq shulrg
4/ %￿1 Wkhvh hhfwv lv phdvxuhg e| w%￿ zkhuh wkh lqwhqvlw| w zklfk
lv qrw suhflvho| nqrzq wr wkh frqvxphu1 Wkh fxpxodwlyh glvwulexwlrq
ixqfwlrq 8Ew vxssruwhg lq dwcwoc dqg lwv ghqvlw| sEwc fruuhvsrqg wr
wkh frqvxphu*v sulruv rq w Lq jhqhudo/ s lv frqwlqxrxv dqg qrq qhjdwlyh
rq wkh vxssruw1 Vshfldo phqwlrq wr wkh fdvh ri d qlwh vxssruw iru w
zloo eh pdgh zkhq lqwhuhvwlqj1
 Wkh h{whuqdolw| ghshqgv rq dyhudjh shulrg04 frqvxpswlrq lq wkh hfrq0
rp|/ %￿1 Wkh h{whuqdolw| lv phdvxuhg e| #%￿c zkhuh wkh lqwhqvlw| #
lv vxssrvhg wr eh nqrzq wr doo wkh djhqwv19 Wkh frqvxphu grhv qrw
lqwhuqdol}h wkh vrfldo frqvhtxhqfh ri klv shulrg04 frqvxpswlrq1 Wklv
kdsshqv ehfdxvh wkhuh lv d odujh qxpehu ri dwrplvwlf frqvxphuv lq wkh
hfrqrp|= hdfk frqvxphu nqrzv wkdw wkh frqvhtxhqfh rq wkh h{whuqdo
hhfw ri uhgxflqj klv uvw0shulrg frqvxpswlrq zrxog eh rqo| pdujlqdo1
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zkhuh sulfhv R￿ n | +| iru wkh wd{ udwh, dqg R2 duh wkh sulfhv iru uvw0 dqg
vhfrqg0shulrg frqvxpswlrqv> ` lv wkh frqvxphu*v hqgrzphqw> A uhsuhvhqwv
wkh wudqvihu uhglvwulexwlqj wd{ surfhhgv> L￿ dqg L2 duh frqfdyh lqfuhdvlqj
ixqfwlrqv/ dqg q lv wkh vwdqgdug glvfrxqw idfwru1
515 Wd{ dqg Lqirupdwlrq Fdpsdljqv
Wkh vrfldo sodqqhu lv wkh lqiruphg sulqflsdo zklfk nqrzv shuihfwo| w1Z h
dqdo|}h d vlwxdwlrq zkhuh wkh vrfldo sodqqhu dssolhv d srolf|  'E |c6 5
U -n   frpsrvhg ri wkh qrq0qhjdwlyh wd{ udwh dqg d +fkhds wdon, phvvdjh
wdnhq lq d fhuwdlq odujh vhw 1 Wkurxjk wkh fkrlfh ri d srolf| / lw zlvkhv wr
surylgh lqfhqwlyhv dqg lqirupdwlrq wr wkh frqvxphu1 Zh fdq wklqn ri 6 dv
frpsrvhg ri vhqwhqfhv1 Zh dvvxph wkdw c wkh vhw ri doo srvvleoh skudvhv/
lv ulfk hqrxjk wr vd| zkdw qhhgv wr eh vdlg> iru h{dpsoh lw fdq eh frpsrvhg
e| doo uhdvrqdeo| vkruw xwwhudqfhv lq Hqjolvk +vhh Iduuhoo dqg Udelq 4<<9 rq
zkdw fkhds wdon lv dqg lv qrw,1 Lw lv xvhixo/ dw wklv srlqw/ wr pdnh d glvwlqfwlrq
9Dq dowhuqdwlyh prgho frxog sxw wkh xqfhuwdlqw| rq ￿= Lq jhqhudo/ wkrxjk/ wklv xq0
fhuwdlqw| zrxog qrw h{klelw wkh vruw ri frq lfw zh duh srlqwlqj dw vlqfh wkh frqvxphu*v
ehkdylru lv qrw d￿hfwhg e| wkh lqwhqvlw| ri wkh h{whuqdolw|1 Lq rxu vshfl￿fdwlrq/ frqvxps0
wlrq grhv qrw hyhq ghshqg rq ￿=
9ehwzhhq wkh phvvdjh wkh vhqghu vhqgv dqg wkh lqwhusuhwdwlrq wkdw wkh uhfhlyhu
jlyhv wr vxfk d phvvdjh dw wkh htxloleulxp1 Zkdw uhdoo| pdwwhuv lv qrw wkh
phvvdjh 6 lwvhoi/ exw mxvw wkh zd| wkh uhfhlyhu xqghuvwdqgv lw1 Wr eh fohduhu/
zkdwhyhu wkh odqjxdjh wkdw lv xvhg wr frppxqlfdwh/ zh zloo frqfhqwudwh rq
wkh phdqlqj wkh uhfhlyhu dvvljqv wr hyhu| phvvdjh lq htxloleulxp1:
Diwhu revhuylqj wkh srolf|/ wkh frqvxphu xsgdwhv klv sulruv> klv qhz eh0
o l h i vd u hg h q r w h ge |>E +zlwk >E 5 {Edwcwoc wkh vhw ri suredelolw| glv0
wulexwlrqv ryhu dwcwo; Wkhuhiruh/ wkh frqvxphu frqvwudlqv wkh vrfldo sodqqhu
wr fhuwdlq dfwlrqv vlqfh kh uhvsrqgv lq d udwlrqdo zd| wr wkh lqfhqwlyhv jlyhq
e| wkh wd{/ dv zhoo dv wr wkh lqirupdwlrq eruqh e| wkh wd{ dqg wkh phvvdjh1
Wkh vfdo uhyhqxh froohfwhg e| wkh vrfldo sodqqhu lv uhglvwulexwhg lq wkh
irup ri d srvlwlyh oxps0vxp wudqvihu1 Qrwlfh wkdw wkh wudqvihu A lv qrw
lqfoxghg dv d phvvdjh= lw lv frqvwudlqhg wr uhglvwulexwh doo wkh wd{ surfhhgv/
dqg/ dv d uhvxow/ A lv gluhfwo| ghshqghqw ri | dqg > dqg grhv qrw ehdu dq|
lqghshqghqw lqirupdwlrq1 Lq jhqhudo/ wkhuh lv d ghdgzhljkw orvv dwwdfkhg wr
wd{hv vlqfh d sduw ri vfdo uhvrxufhv lv orvw lq wkh froohfwlqj surfhvv1 Ohw
b Ef 	b	 eh wkh frvw ri sxeolf ixqgv/ phdqlqj wkdw/ b|% lv orvw/ ru
xvhg iru rwkhu sxusrvhv= A 'E  b|% lv wkh pd{lpdo oxps0vxp wudqvihu
uhglvwulexwhg wr wkh frqvxphu1
Iru vlpsolflw|/ zh dvvxph wkdw wkh glvfrxqw udwh q lv htxdo wr 4/ dqg zh
qrupdol}h R2 wr 4 dqg R￿ wr 3 zlwkrxw orvv ri jhqhudolw| vlqfh wkh vxssruw ri w
pd| eh wudqvodwhg wr dffrxqw iru wkh sulfh +qrwlfh krzhyhu wkdw wklv lpsolhv
wkdw w : f Qrz zh gurs wkh lqgh{ ri %￿ wr zulwh wkh uvw0shulrg frqvxps0
wlrq dv % Zh vlpsoli| ixuwkhu wkh prgho e| dgrswlqj d txdvl0olqhdu xwlolw|
ixqfwlrq/ zkhuh L '* L } c dqg zkhuh wkh olqhdu sduw lpsolflwo| uhsuhvhqwv wkh
xwlolw| ri wkh jrrgv rwkhu wkdq % Wkh frqvxphu fkrrvhv
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Ljqruhg e| wkh frqvxphu
+5,
Prvw sursrvlwlrqv lq Vhfwlrq 7 +fkdudfwhul}dwlrq ri wkh htxloleuld, gr qrw
uho| rq wkh uhvwulfwlrqv rq wkh vshflfdwlrqv/ dv fdq eh vhhq lq wkh surriv1
Wkh h{solflw fdofxodwlrqv ri wkh uvw0 dqg vhfrqg0ehvw wkdw zh fdq shuirup lq
Vhfwlrq 6 duh pruh djuhhdeoh +dw ohdvw zh krsh vr, iru wkh uhdghu1
:Dv dq h{dpsoh/ ohw p4 dqg p5 ghqrwh wzr phvvdjhv vhqw lq d shuihfwo| uhyhdolqj
htxloleulxp1 Dvvxph wkdw p4 fruuhvsrqgv wr wkh zrug ￿grj￿ dqg p5 fruuhvsrqgv wr wkh
zrug ￿fdw￿1 Wklv lv dq htxloleulxp dv orqj dv wkh uhfhlyhu xqghuvwdqgv wklv odqjxdjh dqg
dvvljqv wr wkh phvvdjh ￿grj￿ wkh phdqlqj/ vd| ￿￿ @ ￿4￿> dqg wr wkh phvvdjh ￿fdw￿ wkh
phdqlqj/ vd| ￿￿ @ ￿5￿> zkhuh ￿4 dqg ￿5 5 ^￿>￿‘=
;Lq Pdvnlq dqg Wluroh +4<<8,/ wkh lqiruphg sulqflsdo r￿huv d phfkdqlvp zklfk lv d
vljqdo> lq Yloohqhxyh +5333, zkhuh d prqrsrolvwlf lqvxuhu hydoxdwhv ulvn ehwwhu wkdq klv
fxvwrphuv/ wkh frqwudfw r￿huhg lv d vljqdo1 Wkh frqwulexwlrq ri fkhds wdon lv qrw vwxglhg
shu vh lq wkhvh duwlfohv1
:516 Wkh Vrfldo Sodqqhu*v Surjudp
Wkh vrfldo sodqqhu lv dvvxphg wr eh ehqhyrohqw lq wkh vhqvh wkdw lw hydoxdwhv
frqvxpswlrq olnh wkh frqvxphu +lw pd{lpl}hv wkh frqvxphu*v xwlolw|,/ dqg
sdwhuqdolvwlf vlqfh lw grhvq*w ydoxh wuxwkixo lqirupdwlrq shu vh/ exw rqo| wr
wkh h{whqw wkdw lw lqgxfhv fruuhfw ehkdylru1 Wd{ srolf| dqg lqirupdwlrq fdp0
sdljqv duh fkrvhq vr dv wr lq xhqfh wkh frqvxphu*v ehkdylru e| lpsurylqj
klv nqrzohgjh ri vhfrqgdu| hhfwv/ dqg e| glvfrxudjlqj ryhu0frqvxpswlrq1
Qrwlfh wkdw wkhuh lv qr lqvxudqfh djdlqvw w /z k l f kl vk h u hd vdj o r e d ox q l q 0
vxudeoh ulvn/ lq rwkhu zrugv/ wkh vrfldo sodqqhu lv frqvwudlqhg e| lwv exgjhw










Wkhuh duh wzr glhuhqfhv ehwzhhq lwv surjudp dqg wkh frqvxphu*v rqh= wkh
vxshulru lqirupdwlrq rq wkh lqwhqvlw| ri wkh vhfrqgdu| hhfwv w( dqg wkh lqwhu0
qdol}dwlrq ri wkh h{whuqdo hhfwv1 Qrwlfh wkdw/ frqvxphuv ehlqj doo lghqwlfdo/
lq htxloleulxp 7 % ' %1
Frqvwdqw whupv ljqruhg e| wkh ghflvlrq pdnhuv duh gursshg lq wkh vhtxho=
zh ghqh L7E%c|cw  L E%E#nwnb|% iru wkh vrfldo sodqqhu*v remhfwlyh/
dqg L￿E%c|cw  L E%Ewn|% iru wkh frqvxphu*v +zh gurs whupv wkdw gr
qrw dhfw wkh suhihuhqfh rughulqjv,1
517 Wkh Lqirupdwlrq Jdph
Ghqlwlrq 4 D Shuihfw Ed|hvldq Htxloleulxp +SEH, ri wkh jdph lv d sxuh
vwudwhj| S pdsslqj dwcwo lqwr U -n dqg d eholhi > pdsslqj U -n lqwr
{Edwcwo vxfk wkdw=
41 Srolflhv duh rswlpdo jlyhq eholhiv= iru hdfk w 5 dwcwoc SEw vroyhv 4@ 
￿
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










Lq wkh iroorzlqj/ e w zloo riwhq eh xvhg iru .Ewm>E( e |dv o l j k wd e x v hr i
odqjxdjh/ zh zloo dovr uhihu wr e w dv d eholhi> %WEe wc| zloo eh xvhg iru wkh ehvw
uhvsrqvh ri wkh frqvxphu wr klv eholhiv dqg wkh wd{1
;6 Wkh Vrxufhv ri Lqh!flhqf|
Wkhvh uhvxowv lq wklv vhfwlrq dlp dw vkrzlqj wkdw wkh vrfldo sodqqhu*v dfwlrqv
dqg doohjdwlrqv duh olnho| wr eh vxvslflrxv lq wkh frqvxphu*v plqg= wkh vrfldo
sodqqhu v|vwhpdwlfdoo| zdqwv wr lqgxfh pruh shvvlplvwlf eholhiv lq sodfh ri
lpsrvlqj glvwruwlrqdo wd{hv1 Wklv h{sodlqv zk| qhlwkhu wkh uvw0ehvw qru wkh
vhfrqg0ehvw fdq eh lpsohphqwhg/ dqg suhsduhv wkh dqdo|vlv ri wkh uhvwulfwlrqv
sxw e| lqfhqwlyh frpsdwlelolw| lq wkh htxloleuld1
614 Wkh Iluvw0Ehvw Doorfdwlrq
Wkh uvw0ehvw doorfdwlrq lv wkh rswlpxp ri wkh vrfldo sodqqhu li zh dvvxph
wkdw lqfhqwlyhv dqg lqirupdwlrq duh iuhh1 Lw vroyhv wkh iroorzlqj surjudp +w
lv vxssrvhg wr eh nqrzq dqg wkh h{whuqdolw| 7 % wr eh lqwhuqdol}hg,=
%8￿Ew ' @h}4@ 
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+Zh uhfrjql}h khuh wkh Vdpxhovrq frqglwlrq/ zlwk wkh xqlpsruwdqw glhuhqfh
wkdw zh xvhg dyhudjh udwkhu wkdw wrwdo frqvxpswlrq iru wkh h{whuqdo hhfw1,
Wr lpsohphqw wklv/ wd{ srolf| vkrxog hqwdlo qr frvw +b 'f  c lq zklfk fdvh
| ' # zrxog eh shuihfw1 Lq jhqhudo/ wkh frvw ri sxeolf ixqgv suhyhqwv wklv
doorfdwlrq wr eh lpsohphqwhg1
615 Wkh Dwwudfwlrq wr Sursdjdqgd
Lq wkh k|srwkhwlfdo fdvh zkhuh wkh vrfldo sodqqhu shuihfwo| frqwurov wkh wd{
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zkhuh w l vw k hw u x hw | s h 1W k hf r q v w u d l q wl q+ 9 ,j l y h v =L￿ E%'e w n | Sxeolf
ixqgv ehlqj frvwo|/ wkh rswlpdo wd{ udwh lv | 'f 1 Dv d frqvhtxhqfh wkh
surjudp +9, |lhogv wkh iroorzlqj vwudwhj|=

|WEw'f
e wWEw'w n #
+:,
<Zkhq wkh h{whuqdolw| lv qhjdwlyh +#:fc whoolqj wkh wuxwk lv qrw wkh rswlpdo
vwudwhj| Ee wW :w  dqg wkh prvw hfrqrplfdo iru wkh vhqghu lv wr h{djjhudwh lwv
w|sh e| wkh dprxqw # Lq wklv zd|/ wkh h{whuqdolw| lv ixoo| lqwhuqdol}hg dqg
wkh uvw0ehvw dwwdlqhg xvlqj wkh frvwohvv lqvwuxphqw e w1< Wklv irup ri srolf|
hqwluho| edvhg rq sursdjdqgd lv reylrxvo| qhyhu frqvlvwhqw zlwk d udwlrqdo
frqvxphu> lw qhyhuwkhohvv jlyhv xvhixo lqglfdwlrqv rq wkh lqfhqwlyhv shufhlyhg
e| wkh srolf| pdnhu/ dqg h{sodlqv txlwh zhoo fhuwdlq vkruw0whup erxqg wr idlo
uhdo srolflhv1
616 Wkh Vhfrqg0Ehvw Doorfdwlrq
Wkh vhfrqg0ehvw doorfdwlrq lv ghqhg dv wkh rswlpxp ri wkh vrfldo sodqqhu li
lqirupdwlrq lv iuhh exw lqfhqwlyhv duh qrw/ gxh wr wkh frvw ri sxeolf ixqgv1
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Soxjjlqj wklv ydoxh lqwr surjudp +;, jlyhv wkh iroorzlqj surjudp=
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Vroylqj iru |c zh qg wkh vhfrqg0ehvw doorfdwlrq/ dqg wkh fruuhvsrqglqj





+b 'fjlyhv wkh uvw0ehvw1, Lq wkh iroorzlqj/ zh dvvxph wkdw w	
#
b wr dyrlg
fruqhu vroxwlrqv1 Wklv phdqv lq sduwlfxodu wkdw wkh h{whuqdolw| pxvw qrw eh
wrr vpdoo frpsduhg wr wkh pd{lpdo lqwhqvlw| ri wkh vhfrqgdu| hhfwv1 Wkh
wd{ udwh lv vwulfwo| ghfuhdvlqj zlwk uhvshfw wr wc zklfk iru wkh prphqw lv
qrw frqwudglfwru| zlwk wkh dvvxpswlrq wkdw wkh wd{ udwh lwvhoi lv vx!flhqwo|
lqirupdwlyh1
<Rq wkh frqwudu|/ zkhq wkhuh lv qr h{whuqdolw| +￿ @3 , > wkh lqfhqwlyh wr olh glvdsshduv
dqg whoolqj wkh wuxwk ehfrphv rswlpdo1
43Lv wklv doorfdwlrq lpsohphqwdeohB Vxssrvh wkh frqvxphu wklqnv wkdw wkh
vrfldo sodqqhu sod|v wkh vhfrqg0ehvw vwudwhj|1 Qrwlfh wkdw | lv vwulfwo| ghfuhdv0
lqj zlwk uhvshfw wr wc wkhuhiruh wkh lqglylgxdo lqihuv w li |VEEw lv lpsrvhg1
Wkhuh uhpdlqv vrph krsh wr lpsohphqw wklv doorfdwlrq lq dq dssursuldwh
Ed|hvldq prgho> wklv lv zkdw zh whvw qrz1
Uhpdun wkdw wkh vfdo uhyhqxh |VE%VEc khqfh wkh orvw uhvrxufhv gxh wr wkh
frvw ri sxeolf ixqgv/ ghfuhdvhv dv w lqfuhdvhv1 Wklv lpsolhv wkdw d orz w pd|
kdyh lqwhuhvw lq plplfnlqj d kljk w1 Wr vhh wklv/ frqvlghu w|shv e w dqg w 5
dwc 7 wo Jlyhq rxu dvvxpswlrqv/ revhuylqj wkh phvvdjh e | ' |VEEe wc wkh frqvxphu
lqihuv e w dqg fkrrvhv e % ' %WEe wce |c zkhuhdv revhuylqj wkh phvvdjh | ' |VEEwc
kh lqihuv w dqg fkrrvhv % ' %W Ewc| Li uhdoo| L7Ee %ce |cw :L 7E%c|cwc wkhuh
h{lvwv dq lqfhqwlyh wr plvuhsuhvhqw wkh vhqghu*v w|sh= w|sh w zdqwv wr plplf
w|sh e w
Sursrvlwlrq 4 41 Wkh vhfrqg0ehvw doorfdwlrq lv qhyhu dq htxloleulxp li
b:f
51 Lq wkh fdvh ri d qlwh qxpehu ri w|shv/ wkh vhfrqg0ehvw lv dq htxloleulxp
li dqg rqo| li wkh frvw ri sxeolf ixqgv b:f lv vx!flhqwo| vpdoo1
61 Zkhq sxeolf ixqgv duh iuhh Eb 'f c wkh uvw0ehvw doorfdwlrq lv d SEH1
Wkh htxloleulxp srolf| hqwdlov d Sljrxyldq wd{ | ' #c dqg suhflvh lqwhu0
suhwdwlrqv ri wkh phvvdjhv e w ' w
Surri1 Wkh uvw wzr srlqwv duh suryhg lq wkh Dsshqgl{1 Iru wkh wklug/
uhpdun wkdw/ lqghhg/ li b 'f c wkh rswlpdo wd{ udwh lv | ' # +wkh wd{ lv
lqghshqghqw ri w Qr lqirupdwlrq sdvvhv wkurxjk |1 Jlyhq wkdw wkh vrfldo
sodqqhu kdv qr lqfhqwlyh wr olh/ wkh wd{ lv vshflfdoo| xvhg wr lqwhuqdol}h wkh
h{whuqdolw|/ dqg fkhds wdon kdv wr eh xvhg wr holplqdwh dpeljxlw|1
7 Htxloleuld
714 Sursdjdqgd Idlov
Lqwhuhvwlqjo|/ zkdwhyhu wkh frpsoh{lw| ri wkh htxloleulxp/ wkhuh lv qr shuyhuvh
uhdvrq zk| ohvv ghvludeoh vwdwhv ri wkh zruog +odujhu vhfrqgdu| hhfwv, zrxog
ehfrph suhihudeoh= frqiurqwhg wr udwlrqdo frqvxphuv/ wkh dxwkrulwlhv duh qrw
deoh wr wxuq ohdg lqwr jrog zlwk qlfh frppxqlfdwlrq vwudwhjlhv111 Lq rwkhu
zrugv/ lq dq| SEH/ wkh odujhu wkh vhfrqgdu| hhfwv/ wkh orzhu wkh vrfldo
zhoiduh
44Wr vhh wklv/ ohw w￿ dqg w2 eh wzr srvvleoh vwdwhv ri wkh zruog/ dqg ohw
E|￿c% ￿ dqg E|2c% 2 eh wkh dvvrfldwhg wd{ udwhv dqg lqgxfhg frqvxpswlrq
lq htxloleulxp1 Li w￿ 	w 2c wkhq LE%2  E# n w￿ n b|2%2  LE%2  E# n
w2 nb|2%2 Lq dgglwlrq/ wkh lqfhqwlyh frqvwudlqw ri wkh w|sh0w vrfldo sodqqhu
uhdgv= LE%￿  E# n w￿ n b|￿%￿  LE%2  E# n w￿ n b|2%2 E| wudqvlwlylw|/
zh jhw= LE%￿n`  E# n w￿ n b|￿%￿  LE%2  E# n w2 n b|2%2
715 Wkh Vnhohwrq ri dq Htxloleulxp
Ds r o l f | lv hvvhqwldoo| fkdudfwhul}hg e| wkh wd{ udwh | dqg wkh eholhiv e w lw
sxwv lq wkh frqvxphu*v plqg1 Iru d frpsohwh xqghuvwdqglqj ri wkh vwuxfwxuh
ri wkh htxloleuld/ d ghvfulswlrq ri wkh ixqfwlrqv T 7Ee wc|cw  L7E%WEe wc|c|cw
lv xvhixo= iru doo w/ wkh vkdshv ri wkh xsshu frqwrxuv lq wkh sodqh +e wc|,d u h
vlpsoh/ dqg d vlqjoh furvvlqj surshuwlhv lv vdwlvhg wkdw vlpsolhv wkh dqdo|vlv
ri lqfhqwlyh frqvwudlqwv1
Ohppd 4 +Frqyh{lw| dqg Vlqjoh Furvvlqj, 41 Lq dq| SEH/ iru doo
 ehlqj dq htxloleulxp dfwlrq/ S3￿E lv d frqyh{ vxevhw ri dwcwo
51 Iru doo wc wkh xsshu frqwrxuv ri T 7 zlwk uhvshfw wr e w dqg | duh frqyh{1
Wkh kljkhvw frqwrxu lv wkh srlqw +e w ' wn#c| 'f +vhh Vxevhfwlrq 615,1
61 Ohw YEw eh dq lqglhuhqfh fxuyhv iru w|sh w sdvvlqj wkurxjk Ee wc|1 YEw
wxuqv frqwlqxrxvo| dqwl0forfnzlvh orfdoo| dw Ee wc| dv w lqfuhdvhv1 Wkh
frqvhtxhqfh lv wkdw lqglhuhqfh fxuyhv uhodwhg wr wzr glhuhqw w|shv
furvv rqfh dw prvw1
Surri1 Vhh wkh Dsshqgl{1
Srlqw 4 suryhv lq sduwlfxodu wkdw d jlyhq wd{ udwh zloo vljqdo dq lqwhuydo
+udwkhu wkdq dq| vxevhw ri wkh vxssruw,/ wkh lqwhuydo ehlqj srvvleo| uhgxfhg
wr rqh0srlqw lq orfdoo| uhyhdolqj htxloleuld1 Wklv uhvxow zloo eh xvhg dw vhyhudo
sodfhv/ iru wkh prphqw/ lw lpsolhv wkdw wkh ghqlwlrq ri wkh htxloleulxp lv
frpsohwh +Frqglwlrq 4 lpsolhv wkdw eholhiv lq Frqglwlrq 5 duh zhoo0ghqhg,=
vwudwhjlhv lqkhulw wkh phdvxudelolw| ri wkh vsdfh ri w|shv1
D ghvfulswlrq ri wkh htxloleuld jlyhq wkh sulru w|sh glvwulexwlrq lv gl!fxow
wr shuirup1 Zh vroyh khuh wkh lqyhuvh sureohp= qglqj wkh glvwulexwlrqv
wkdw duh frqvlvwhqw zlwk d fhuwdlq htxloleulxp doorfdwlrq1 Lq sduwlfxodu zh
vkrz wkdw xqghuvwdqglqj wkh ixoo| uhyhdolqj htxloleuld zlwk glvfuhwh vxssruwv
lv vx!flhqw wr ghvfuleh wkh srvvleoh htxloleuld1 Wklv lv lqwhuhvwlqj lq wkdw zh
fdq vlpso| fkhfn zkhwkhu fhuwdlq surshuwlhv olnh prqrwrqlflw| ri wkh wd{ udwh
duh vdwlvhg duh qrw1
45Ghqlwlrq 5 +Vnhohwrq, Ohw g eh dq rughuhg vhw1 Ohw X'iw&j&Mg eh d
vwulfwo| rughuhg frpsohwh vhw ri w|shv1 Ohw A ' i|&j&Mg eh d vhw ri wd{ udwhv>
kXcAl ghvljqdwhv wkh vhw ri sdluv iEw&c| &j&Mg1
kXcAl lv vdlg wr eh d vnhohwrq li dqg rqo| li ;&c&￿ 5 gcT 7Ew&c| &cw & 
T 7Ew&￿c| &￿cw & +lqfhqwlyh frpsdwlelolw|,1
E| frqyhqwlrq/ zh ghqrwh wkh orzhvw hohphqw ri X dv w￿c dqg wkh odujhvw dv
w" Jlyhq w&c zh ghqh lwv vxffhvvru lq X dv w&n￿  4?&￿Mgiw&￿ :w &j +wklv
n lv mxvw d frqyhqwlrq/ lqvsluhg e| wkh idfw wkdw zkhq X lv qxphudeoh/ g
fdq eh d vhw ri vxffhvvlyh lqwhjhuv,1 Wklv lv zhoo ghqhg vlqfh d vnhohwrq lv
dozd|v frpsohwh1
Qrwlfh wkdw li kXcAl zhuh qrw lqfhqwlyh frpsdwleoh/ wkhq fhuwdlq hohphqwv
frxog qrw eh lpsohphqwhg/ dqg zh vkrxog gurs wkhp wr rewdlq d surshu vnhoh0
wrq1 Lq frqwudvw/ dvvxplqj wkdw X lv frpsohwh lv zlwkrxw orvv ri jhqhudolw|= li
dq dffxpxodwlrq srlqw ri X lv plvvlqj/ zh fdq dgg lw/ zlwk d fruuhvsrqglqj
dffxpxodwlrq srlqw lq A Gxh wr wkh frqwlqxlw| ri wkh lqfhqwlyh frqvwudlqwv/
lqfhqwlyhv duh qrw uhyhuvhg1
Jlyhq d vnhohwrq/ fhuwdlq qhfhvvdu| frqglwlrqv wkdw vwudwhjlhv dqg eholhiv
vkrxog vdwlvi| iru wkh vnhohwrq wr eh dq htxloleulxp +qr h{wud w|shv, duh
vwudljkwiruzdug1 Lw vx!fhv wr dvvxph wkdw wkh vxssruw ri wkh w|shv lv h{dfwo|
Xc wr wdnh Ew&'E |&c6 & iru wkh srolf|/ dqg/ frqvlvwhqwo|/ wr wdnh >E|&c6 &
ghjhqhudwh dw w& Wkh uroh ri wkh fkhds wdon phvvdjh 6& lv wr lpsuryh lqiru0
pdwlrq wudqvplvvlrq e| ryhufrplqj srwhqwldo dpeljxlw| lq wkh lqirupdwlyh
frqwhqwv ri wkh wd{= li d fhuwdlq wd{ lv dvvrfldwhg wr rqh vwdwh rqo|/ wkh phv0
vdjh lv qrw xvhixo> li wzr vwdwhv ohdglqj wr wkh vdph wd{ udwh/ wkhq phvvdjhv
vkrxog eh glhuhqw1
Wkh lqlwldo vhw ri w|sh X pd| qrw eh vx!flhqw iru glvfrxudjlqj srolflhv
zlwk |* 5 A Lqghhg/ li w|shv duh rqo| lq Xc wkhq eholhiv duh frqvwudlqhg wr eh
lq wkh frqyh{ kxoo ri X Wkh iroorzlqj ghqlwlrq gudzv dwwhqwlrq rq vnhohwrqv
iru zklfk rqh fdq qg d vx!flhqwo| odujh vxssruw ri w|shv iru glvfrxudjlqj
dfwlrqv rxwvlgh wkh vnhohwrq1
Ghqlwlrq 6 +Vx!flhqw Vnhohwrq, D vx!flhqw vnhohwrq kXcAl lv rqh iru
zklfk wkhuh h{lvwv dq lqwhuydo sEkXcAl  X vxfk wkdw/ iru zhoo fkrvhq dgplv0
vleoh eholhiv/ lqfhqwlyh frpsdwlelolw| jxdudqwhhv wkdw wkhuh lv qr pryh rxwvlgh
A iru w|shv lq sEkXcAl Lq sduwlfxodu= iru doo & 5 gc iru doo |* 5 Ac<e w 5
sEkXcAl vxfk wkdw T 7Ew&c| &cw &  T 7Ee wc|cw&( pruhryhu/ orzhu w|shv suhihu
|￿ dqg odujhu w|shv |" wr dq| rwkhu wd{1
lv h{dfwo| wkh frqyh{ kxoo ri Xc l1h1 wkh vhw ri eholhiv wkdw duh frqvlvwhqw
zlwk vxssruw X
46Uhpdun 4 Xqiruwxqdwho|/ zh duh qrw deoh wr surylgh d vlpsoh fkdudfwhul0
}dwlrq ri vx!flhqw vnhohwrqv1 Qrwh/ qhyhuwkhohvv/ wkdw dq| vnhohwrq fdq eh
pdgh vx!flhqw e| dgglqj rqh w|sh lq X dqg lwv dvvrfldwhg wd{1 Wkhuh lv
qrw d xqltxh zd| wr gr wklv1 Wkh vlpsohvw lv wr dgg d vx!flhqwo| odujh w|sh
+odujh vhfrqgdu| hhfwv,/ vd| w4@ c dvvrfldwhg zlwk | 'f (d q gz hd v v r f l d w h
eholhi w4@  wr dq| wd{ rxwvlgh A Fohduo|/ wkh eholhi ehlqj h{djjhudwhg iru w|shv
lq X rwkhu wkdq w4@ c dqg | 'fehlqj ehwwhu wkdq dq| rwkhu ydoxh iru w4@ c
wkhq zh kdyh d vnhohwrq1 Wkh idfw wkdw lw lv vx!flhqw lv e| frqvwuxfwlrq1
Wkh iroorzlqj Wkhruhp h{sodlqv wkh uhvwulfwlrqv rq wkh  hvk +wkh glv0
wulexwlrqv/ srvvleo| frqwlqxrxv, wkdw fdq eh sxw rq wkh erqhv kXcAl1
Wkhruhp 4 Ohw kXcAl eh d vx!flhqw vnhohwrq1 Ohw eh wkh vhw ri w|shv1 Ohw
I eh wkh vhw ri sulru suredelolw| glvwulexwlrqv rq sEkXcAl vxfk wkdw wkhuh
h{lvw dq htxloleulxp zlwk kXcAl dv wkh h{dfw vhw ri eholhiv0wd{ sdluv
Wkhuh h{lvwv d sduwlwlrq ri dwcwo lqwr d vhw ri rughuhg lqwhuydov iU&j&Mg
vxfk wkdw iru doo 8 5I/ wkh htxloleulxp vwudwhj| lpsohphqwlqj kXcAl vdwlvhv
doprvw vxuho| |E'|& ryhu U& iru doo &
Pruhryhu/ w& 5 U& dqg I lv qrq0hpsw| dqg uhvwulfwhg rqo| e| wkh olqhdu
frqvwudlqwv= ;8 5Ic;& 5 gc.EwmU&'w&
Surri1 Zh uhdvrq rq lqfhqwlyh frpsdwlelolw|1
Li w&n￿ 9' w&c zh ghqrwh e| & d w|sh zklfk lv lqglhuhqw ehwzhhq Ew&
dqg Ew&n￿c l1h1 T 7Ew&c| &c &'T 7Ew&n￿c| &n￿c &Gjlyhq wkh vlqjoh furvvlqj
surshuw|/ dqg jlyhq wkh frqwlqxlw| ri wkh vrfldo sodqqhu*v zhoiduh ixqfwlrq
zlwk uhvshfw wr wkh wuxh w|sh/ & lv xqltxh dqg ehorqjv wr dw&cw &n￿o Zh
ghqh U& 'd &c &n￿ Li wkh vxffhvvru ri w& lv w& +wklv kdsshqv li w& lv/ rq wkh
uljkw/ dq dffxpxodwlrq srlqw lq X,/ wkhq U& ' iw&j Wkh orzhu erxqg ri wkh
orzhvw lqwhuydo +l1h1 frqwdlqlqj w￿ lv w/ dqg wkh xsshu erxqg ri wkh xsshu
lqwhuydo +frqwdlqlqj w",l vw
Li zh wdnh wkh r0htxloleulxp eholhiv lq sEkXcAl vxfk wkdw |* 5 A lv qhyhu
ghvludeoh +wklv lv dozd|v srvvleoh e| ghqlwlrq ri sEkXcAl/ dqg frqfhuqlqj
htxloleulxp dfwlrq/ zh wdnh Ohppd 4 +uvw srlqw, lqwr dffrxqw/ wkhq fohduo|/
wkh vwudwhj| jlyhq lq wkh sursrvlwlrq lv lqfhqwlyh frpsdwleoh1 Wr hqvxuh wkdw
wkh htxloleulxp eholhiv ri wkh frqvxphu duh vxfk wkdw .Ewm|&'w&c lw lv
qhfhvvdu| dqg vx!flhqw wkdw sE eh vxfk wkdw .EwmU&'w&
Wkh zhljkw ri lqwhuydo U& lv qrw frqvwudlqhg/ dqg wkh frqglwlrqdo h{shfwd0
wlrqv duh lqghshqghqw iurp hdfk rwkhu= lq frqvhtxhqfh/ 8 5Ifdq eh fkrvhq
dv vprrwk dv zdqwhg1 Wkh pdlq olplwdwlrq lq wkh Wkhruhp frphv iurp r0
htxloleulxp vwudwhjlhv1 Rqh pd| qg ri sduwlfxodu lqwhuhvw vnhohwrqv iru zklfk
qr eholhi rxwvlgh wkh frqyh{ kxoo ri X lv qhhghg wr glvfrxudjh ghyldwlrq1
47716 Ixoo| Lqirupdwlyh Htxloleuld
Z hs u r y hw k d wi r udj l y h qdwcwoc wkhuh lv d xqltxh ixoo| uhyhdolqj htxloleulxp/
z k l f kl vf k d u d f w h u l } h gl qg h w d l o 1
Sursrvlwlrq 5 Wkhuh h{lvwv hvvhqwldoo| d xqltxh ixoo| uhyhdolqj htxloleulxp1
Wkh wd{ udwh lv wkh xqltxh vroxwlrq wr wkh ruglqdu| glhuhqwldo htxdwlrq |￿ '
#3E￿3b￿|
|3|VEEw￿ zlwk |Ew'|VEEw Lq sduwlfxodu=
41 Fkhds wdon lv lqhhfwlyh/ dqg wkh vwudwhj| |E lv vwulfwo| lqfuhdvlqj dqg
glhuhqwldeoh1
51 Frqvxpswlrq ghfuhdvhv zlwk uhvshfw wr w
61 Wkh wd{ udwh h{klelwv qr glvwruwlrq dw wc rwkhuzlvh/ wkh wd{ udwh lv odujhu
wkdq wkh vhfrqg0ehvw wd{ udwh dqg orzhu wkdq
#
￿3b
Surri1 Zh hvwdeolvk wkh uhvxow lq wzr vwhsv1 Wkh uvw dqdo|}hv glhuhq0
wldeoh ixoo| uhyhdolqj htxloleuld> xqltxhqhvv lq wklv fdwhjru| lv suryhg1 Wklv
zloo surylgh surriv iru wkh wkuhh srlqwv ri wkh sursrvlwlrq1 Wkh vhfrqg vwhs
vkrzv wkdw dq| ixoo| uhyhdolqj htxloleulxp lv hvvhqwldoo| lghqwlfdo wr wkh gli0
ihuhqwldeoh rqh1 Vhh wkh Dsshqgl{1
Dv Wkhruhp 4 lpsolhv/ wkh fruuhvsrqglqj doorfdwlrq lv wkh xqlyhuvdo vnhoh0
wrq/ l1h1 wkh htxloleulxp zklfk lv frqvlvwhqw zlwk dq| glvwulexwlrq 8 lq dwcwo1
Wkh pdlq frqvwudlqw/ frpsduhg wr wkh vhfrqg0ehvw/ lv wkh eldv wrzdugv wr
pxfk wd{dwlrq= wd{hv kdyh wr eh odujh lqfuhdvlqj udwkhu wkdq ghfuhdvlqj zlwk
uhvshfw wr w1
717 Wkh Srvvlelolwlhv ri Fkhds Wdon
Lq ohvv lqirupdwlyh htxloleuld/ fkhds wdon vhuyhv rqo| wr ehwwhu frruglqdwh wkh
dfwlrqv ri wkh vhqghu zkhq wkh wd{ udwh lv dpeljxrxv1 Wklv uroh lv doprvw
qhjoljleoh lq glvfuhwh htxloleuld +zkhqhyhu wkh vhw ri htxloleulxp wd{ udwhv lv
frxqwdeoh, vlqfh lq fdvh ri dpeljxlw|/ lw lv dozd|v srvvleoh wr prgli| dv olwwoh
dv srvvleoh wkh wd{ udwh lq rqh ri wkh dpeljxrxv fdvh wr fohdu dpeljxlw|/ dqg
wkh frvw lv duelwudulo| orz1 Wkh frpsdudwlyh vwdwlfv h{klelwv d fdvh ri odfn ri
xsshu khpl0frqwlqxlw| dw b 'f  Lqghhg/ dv b $ fc rqh fdq qg d vhtxhqfh ri
htxloleuld frqyhujlqj wr wkh uvw0ehvw zkhuh | ' # iru doo w Wkh uvw0ehvw lv
qrw dq htxloleulxp li zh nhhs uhvwulfwlqj wkh vljqdo wr eh vxssruwhg rqo| e|
wkh wd{ vlqfh qr suhflvh lqirupdwlrq rq w fdq eh wudqvplwwhg1 Lq idfw/ fkhds
wdon forvhv exw gr qrw vxevwdqwldoo| h{whqg wkh vhw ri htxloleuld1
48D fdvh lq zklfk fkhds wdon lv xvhixo dsshduv zkhq wkh wd{ udwh lv wkh vdph
dq lqwhuydo ri dwcwo Wkh dqdo|vlv ri wklv vlwxdwlrq lv dqdo|}hg qrz1
Djdlq/ wkh vdph hhfw frxog eh +doprvw, dwwdlqhg zlwk d vpdoo glhuhqwl0
dwlrq ri wkh wd{ udwhv1
Fkhds wdon fdq eh xvhixo wr wudqvplw lqirupdwlrq rqo| zkhq wkh wd{ udwh lv
frqvwdqw ryhu dq lqwhuydo ri wkh w|sh vxssruw1 Lq wklv fdvh zh vd| wkdw frvwohvv
vljqdoolqj fdq eh lq xhqwldo li wzr glhuhqw fkhds wdon phvvdjhv dvvrfldwhg wr
wkh vdph wd{ udwh fdq eh deoh wr lghqwli| wzr glhuhqw w|shv +Dxvwhq0Vplwk
dqg Edqnv 5333 lqwurgxfh wklv whuplqrorj|,1
Khuh zh vwxg| lq ghwdlo wkh uroh ri fkhds wdon zkhq wkh SEH rewdlqhg
xvlqj kh wd{ rqo| lv fkdudfwhul}hg e| d srrolqj lqwhuydo +vhpl0srrolqj dqg
srrolqj htxloleuld,1 Qrwh wkdw/ wkh fkhds wdon ehlqj xvhixo rqo| zkhq lw lv
lq xhqwldo/ zh duh deoh wr wuhdw vhtxhqwldoo| wkh vljqdoolqj dqg wkh fkhds
wdon jdph1 Wklv phdqv wkdw zh fdq dvvxph d frqvwdqw htxloleulxp wd{ ryhu
dw ohdvw dq lqwhuydo ri wkh w|sh vxssruw dqg dqdo|}h wkh fkhds wdon lqfhqwlyh
frpsdwleoh vwudwhjlhv ryhu vxfk dq lqwhuydo1
Wklv phwkrg lpsolhv wkdw zh irfxv rq wkh uroh ri fkhds wdon lq wkh vnhohwrq
wkhru|1 Lq idfw/ vroylqj wkh fkhds wdon jdph diwhu wkh vljqdoolqj htxloleulxp
kdv ehhq fkdudfwhul}hg/ zh duh deoh wr qg d qhz vwuxfwxuh ri wkh vnhohwrq
zklfk lv lqfhqwlyh frpsdwleoh1 Exw/ wr lghqwli| dq htxloleulxp/ wklv qhz
vnhohwrq dovr qhhgv dssursuldwh rxw ri htxloleulxp eholhiv1 Wklv h{sodlqv zk|
h{lvwhqfh ri wkh htxloleuld fdqqrw eh hdvlo| hvwdeolvkhg1
Dv wkh uhdghu zloo vhh/ frqvlghulqj fkhds wdon zkhq wkh wd{ udwh lv frq0
v w d q wd o o r z vx vw rd s s o |d q gh { w h q gF u d z i r u gd q gV r e h ou h v x o w vr qf r v w o h v v
lqirupdwlrq wudqvplvvlrq1
Odwhu rq lq wklv vhfwlrq/ zh zloo dvvxph wkdw wkh wd{ udwh lv frqvwdqw ryhu
wkh lqwhuydo X6 'd w￿cw￿￿o zlwk w  w￿ 	w ￿￿  w Dv d frqvhtxhqfh iru w 5 X6









Qrwh wkdw wklv lv dovr frqvlvwhqw zlwk d }hur wd{ udwh ryhu wkh zkroh w|sh
vxssruw/ wkdw lv zlwk d srolf| fkdudfwhul}hg e| wkh fkhds wdon rqo|1
Ehiruh jrlqj lqwr wkh ghwdlov/ zh fdq jlyh vrph jhqhudo lqwxlwlrqv rq wkh
srvvlelolw| ri fuhgleoh lqirupdwlrq wudqvplvvlrq1
Iluvw ri doo/ zkhq #:fc ixoo lqirupdwlrq wudqvplvvlrq lv qhyhu srvvleoh1
Wr xqghuvwdqg zk| uhfdoo wkdw zkhq wkh vhqghu* dqg wkh uhfhlyhu*v vwudwhjlhv
ohdg wr vxfk d ixoo wudqvplvvlrq/ wkh frqvxphu shuihfwo| lqihuv wkh vhqghu*v
w|sh w iurp wkh phvvdjh 6 Wkh lqfhqwlyhv wr olh zklfk wklv vlwxdwlrq dulvhv
49duh sduwlfxoduo| fohdu li zh orrn wr surjudp +9,1 Dv wkh vroxwlrq +:, vkrzv/
zkhq wkh frqvxphu eholhyhv wr wkh vhqghu*v phvvdjh/ lw lv qhyhu rswlpdo wr
vd| wkh wuxwk= wkh vrfldo sodqqhu zrxog ghyldwh vhqglqj d phvvdjh 6 ' 	 w:w 
Dv lw lv zhoo nqrzq/ lq fkhds wdon prghov wudqvplwwlqj qr lqirupdwlrq lv
dozd|v lqfhqwlyh frpsdwleoh +d srrolqj htxloleulxp dozd|v h{lvwv,1 Lq idfw
frvwohvv phvvdjhv kdyh qr gluhfw hhfw rq wkh vhqghu*v dqg wkh uhfhlyhu*v
sd|rv1 Wkhuhiruh lw lv lqfhqwlyh frpsdwleoh iru wkh vhqghu wr sod| dq| srrolqj
vwudwhj| dqg iru wkh uhfhlyhu wr pdlqwdlq wkh sulru eholhiv diwhu zkdwhyhu
phvvdjh1 Lq sduwlfxodu/ #  w￿￿w￿c qr lqirupdwlrq fdq eh wudqvplwwhg1 Khuh
wkh vhqghu*v dqg wkh uhfhlyhu*v sd|r duh qrw vx!flhqwo| doljqhg dqg doo wkh
vhqghuv* w|shv zdqw frqvxphuv eholhyh wkh| duh wkh w￿￿ w|sh1 Ehfdxvh vruwlqj
ri w|shv fdqqrw eh grqh wkurxjk h{rjhqrxv frvw glhuhqfhv dv lq wkh vljqdolqj
prghov/ fkhds wdon fdqqrw kdyh phdqlqj li doo w|shv zrxog suhihu wr vhqg wkh
vdph phvvdjh1
Vhfrqg/ li # 'f c shuihfwo| lqirupdwlyh fkhds wdon lv dozd|v dq htxloleulxp1
Wklug/ lq wkh fdvh ri d qlwh qxpehu ri w|shv/ fkhds wdon lv shuihfwo|
lqirupdwlyh li wkh h{whuqdolw| # lv vx!flhqwo| vpdoo143 Vd|lqj wkh wuxwk lv wkh
rswlpdo vwudwhj| iru wkh vhqghu li # 'f+vhh :,/ vlqfh wkh vhqghu*v dqg wkh
uhfhlyhu*v remhfwlyh ixqfwlrqv duh shuihfwo| doljqhg1 Li wkh vxssruw ri w|shv lv
qlwh zh fdq rughu wkh ydoxhv dv wf 	w ￿ 	  	 w￿ 	 w￿ Frqvlghu w￿ 	w ￿n￿
Wkh vhqghu w￿ kdv qr lqfhqwlyh wr olh li klv sd|r vd|lqj wkh wuxwk lv dw ohdvw
h t x d ow rk l vs d | r s u h w h q g l q jw re hw k hw | s hw￿n￿c wkdw lv= LE%Ew&  E# n




 Ew￿ n b7 | +46,
E| fkrrvlqj wkh dssursuldwh  +jlylqj wkh vpdoohvw srvvleoh UKV,/ zh fdq vhw
dq xsshu erxqg rq #
Qrz zh jlyh d jhqhudo fkdudfwhul}dwlrq ri wkh lqfhqwlyh frpsdwleoh vwudwh0
jlhv lq wkh frqwlqxrxv fdvh1 Wr gr vr zh uhihu wr Fudzirug dqg Vreho +4<;5/
khqfhiruwk FV,1 Dv wkh uhdghu zloo vhh/ wklv uhvxow lv lq olqh zlwk Sursrvlwlrq
41
Sursrvlwlrq 6 41 Zkhq #:fc wkh lqfhqwlyh frpsdwleoh vwudwhjlhv ri
sureohp +45, duh vxfk wkdw wkh w|sh vsdfh X6 'd w￿cw￿￿o lv glylghg lqwr
43Lq olqh zlwk wklv sduw ri wkh sursrvlwlrq zh fdq dgg wkh iroorzlqj frqvlghudwlrq1 Li ￿l.4
h{fhhgv ￿l e| d vx!flhqwo| odujh dprxqw/ wkh vrfldo sodqqhu fdq eh frxqwhg rq wr uhyhdo klv
w|sh wuxwkixoo|= d idovh dqqrxqfhphqw ri ￿l.4 zrxog pdnh uhfhlyhu*v frqvxpswlrq {+￿l.4,
ghfuhdvh wrr pxfk/ vr wkdw lw lv suhihudeoh wr vd| wkh wuxwk dqg wr dffhsw wkh kljkhu
frqvxpswlrq ohyho {+￿l,=
4:lqwhuydov +zklfk ghqh d sduwlwlrq ri X6, dqg doo w|shv lq d jlyhq lqwhu0
ydo vhqg wkh vdph phvvdjh exw w|shv lq glhuhqw lqwhuydov vhqg glhuhqw
phvvdjhv1 Pruhryhu wkhuh lv d qlwh xsshu erxqg E# rq wkh qxpehu
ri lqwhuydov ri d sduwlwlrq dqg wkhuh h{lvwv dw ohdvw rqh sduwlwlrq ri hdfk
vl}h iurp rqh wr E#
51 Li iru doo wc d  L￿￿E%osEw  dL￿E%  w  7 |os￿Ewc wkhq wkh pd{lpxp
srvvleoh sduwlwlrq vl}h E# lv qrq0lqfuhdvlqj lq #
Surri1 Vhh Dsshqgl{ D171
Wkh vwudwhjlhv ghvfulehg e| wkh uvw sduw ri wkh sursrvlwlrq fkdudfwhul}h
wkh htxloleuld lq FV1 Iurp wkhlu vhplqdo sdshu htxloleuld ri wklv w|sh duh
fdoohg sduwlwlrq htxloleuld1
Dv zh vdlg ehiruh/ khuh zh irfxv rq wkh uroh ri fkhds wdon lq wkh vnhohwrq
wkhru| dqg zh lghqwli| lqfhqwlyh frpsdwleoh vwudwhjlhv1 Wkxv zh gr qrw fkhfn
iru dssursuldwh eholhiv wr vxssruw wkh srvvleoh htxloleuld ghvfulehg e| +4,1
Zkdw sduw +4, lq wkh suhylrxv sursrvlwlrq vkrzv lv wkdw wkh vrfldo sodq0
qhu fdq xvh phdqlqjixo |hw lpsuhflvh wdon wr frppxqlfdwh rq wkh vhfrqgdu|
hhfwv wr frqvxphuv1 Wkh vrfldo sodqqhu kdv lqwhuhvw lq h{djjhudwlqj wkh
ydoxh ri w wr pdnh frqvxphuv lqwhuqdol}h wkh h{whuqdolw|= d suhflvh lqirupd0
wlrq fdpsdljq jlyhv wkh vrfldo sodqqhu lqfhqwlyhv wr pdqlsxodwh frqvxphuv*
eholhiv1 Wkh sureohp fdq eh sduwldoo| vroyhg wkurxjk wkh xvh ri vljqdov wkdw
rqo| vshfli| eurdg udqjhv zlwklq zklfk w p d |o l h 1E |u h v w u l f w l q jk l p v h o iw r
vxfk dpeljxrxv vwdwhphqwv/ wkh vrfldo sodqqhu jlyhv xs wkh delolw| wr pdqls0
xodwh h{shfwdwlrqv lq doo exw d yhu| fuxgh zd|144 Wklv lq wxuq doorzv klp wr
frppxqlfdwh vrph lqirupdwlrq lq d fuhgleoh idvklrq1
Sduw +5, vkrzv d vx!flhqw frqglwlrq vxfk wkdw d ghfuhdvh lq # lqfuhdvhv
E#= pruh frppxqlfdwlrq fdq rffxu zkhq wkh sod|huv* suhihuhqfhv duh pruh
forvho| doljqhg1 Wklv uhvxow krogv li wkh surshuw| ri prqrwrqlflw| ri lqfhq0
w l y hf r p s d w l e o h vs d u w l w l r q vl vy h u l  h g 1W k l vs u r s h u w |u h t x l u h vw k d wz k h qw k h
sduwlwlrq vl}h ydulhv/ doo wkh lqwhuydov zklfk frpsrvh wkh qhz sduwlwlrq pxvw
fkdqjh lq wkh vdph gluhfwlrq= hlwkhu wkh| doo ghfuhdvh ru wkh| doo lqfuhdvh dv
frpsduhg wr wkh lqwhuydov ri wkh suhylrxv sduwlwlrq1 Wkh frqglwlrq lq sduw
+5, rq suhihuhqfhv dqg sulruv mxvw lpsolhv vxfk prqrwrqlflw|145 Qrwh wkdw wkh
44Lq idfw/ zlwk wkh sduwlwlrq ri ￿p/ li wkh vrfldo sodqqhu zdqwv wr olh/ lw kdv wr suhwhqg
wkdw lw lv lq d gl￿huhqw vxelqwhuydo/ zklfk fkdqjhv frqvxphuv* ￿uvw0shulrg frqvxpswlrq e|
d glvfuhwh dprxqw1 Vxfk ￿elj olhv￿ duh ohvv dwwudfwlyh wkdq whoolqj wkh wuxwk1
45Lq +^8‘, prqrwrqlflw| dvvxuhv wkh xqltxhqhvv ri wkh htxloleulxp wrr1 Lq idfw/ li +5, lv
yhul￿hg lw h{lvwv rqo| rqh sduwlwlrq htxloleulxp iru hdfk sduwlwlrq vl}h 4 ￿ Q ￿ Q+￿,1
Urxjko| vshdnlqj wkh uhdvrq lv wkh iroorzlqj= zkhq zh sdvv iurp d sduwlwlrq ri vl}h Q wr d
sduwlwlrq ri vl}h Q ￿4> li doo wkh Q lqwhuydov zklfk frpsrvh wkh ￿uvw sduwlwlrq lqfuhdvh dv d
4;xqlirup suredelolw| glvwulexwlrq ixqfwlrq yhulhv wklv frqglwlrq1 Pruhryhu/









w3wn7 | iru s￿Ewcw  w  7 |	f
Wr frqfoxgh wklv vhfwlrq lw lv lqwhuhvwlqj wr uhpdun wkdw lq FV wkh prvw
lqirupdwlyh dydlodeoh htxloleulxp +zklfk lv fkdudfwhul}hg e| wkh E# sduwl0
wlrq, lv wkh xqltxh h{0dqwh h!flhqw htxloleulxp146 Wklv uhvxow grhv qrw krog
lq rxu vhwwlqj zkhuh wkh vrfldo sodqqhu xvhv erwk fkhds wdon dqg d frvwo|
vljqdo1 Lq idfw lq rxu prgho wkh h{shfwhg frvw ri vljqdo fdq grplqdwh wkh
h{shfwhg jdlq iurp pruh suhflvh fkhds wdon +vhh qh{w vhfwlrq,1
718 Uhqhphqwv dqg H!flhqf|
Wkh dssolfdwlrq ri wkh deryh sursrvlwlrq fodulhv wkh vwuxfwxuh ri wkh htxl0
oleuld1 Zh fdq vwduw wr exlog dq htxloleulxp e| fkrrvlqj d vnhohwrq/ dqg zh
oo wkh uhvw ri wkh glvwulexwlrq wr suhvhuyh frqglwlrqdo h{shfwdwlrqv +Wkhr0
uhp 4,1 Lq sduwlfxodu/ zh fdq hdvlo| jlyh h{dpsohv lq zklfk wkh wd{ udwh lv
qrw prqrwrqlf/ zkhuh lw lv uhyhdolqj rq fhuwdlq vxevhwv ri dwcwo zlwk exqgohv
hovhzkhuh/ hwf1
Rqh pxvw uhpdun wkdq uhqhphqwv olnh wkh Lqwxlwlyh Fulwhulrq ri Fkr dqg
Nuhsv lv sduwlfxoduo| gl!fxow wr dsso|1 Lqghhg/ suhihuhqfhv duh w|slfdoo| qrw
prqrwrqlf= vrph h{djjhudwlrq +eholhiv odujhu wkdq wkh wuxwk, pd| eh ghvlu0
deoh exw qrw wrr pxfk> d orzhu +uhvshfwlyho| d odujhu, wd{ pd| eh ghvludeoh
iru frqvwdqw eholhiv/ exw wklv pxvw qr eh sxvkhg wrr idu/ dqg vr rq1 Wkh
frqvhtxhqfh lv wkdw/ iru d jlyhq wc wkh vwuxfwxuh ri wkh vxevhw ri dfwlrqv dqg
phvvdjhv zklfk duh ghvludeoh pd| eh frpsoh{1 Rxu frqfoxvlrq lv qrw wkdw
vxfk uhqhphqwv duh qhxwudo/ exw udwkhu wkdq wkhlu dssolfdwlrq lv gl!fxow1
Lq Fudzirug dqg Vreho +4<;5,/ d pruh lqirupdwlyh htxloleulxp Sduhwr0
grplqdwhv1 Dxvwhq0Vplwk dqg Edqnv +5333, qg wkdw wklv lv qrw wuxh zkhq
exuqlqj prqh| wr vljqdo wkh w|sh lv srvvleoh1 Rxu surri lv vlpsolhg e| rxu
dssurdfk e| vnhohwrqv= lw lv hdv| wr vhh wkdw wkh xqltxh ixoo| lqirupdwlyh
doorfdwlrq/ zklfk lv dozd|v dq htxloleulxp/ qhhg qrw eh h!flhqw1 Wdnh dq
htxloleulxp dqg wdnh lwv vnhohwrq1 Wkh vxevwdqfh ri Wkhruhp 4 lv wkdw wkh
uhodwlyh zhljkwv ri wkh glhuhqw sduwv ri wkh vnhohwrq gr qrw pdwwhu= lq sdu0
wlfxodu/ zh fdq fkrrvh wr exlog dq htxloleulxp e| glvwulexwlqj wkh suredelolw|
frqvhtxhqfh ri wkh vl}h yduldwlrq/ wkhuh lv dw prvw rqh qhz sduwlwlrq vxfk wkdw wkh Q ￿4wk
lqwhuydo hqgv mxvw dw wkh srlqw fruuhvsrqglqj wr ￿= Lq rwkhuv zrugv/ wkh odvw lqwhuydo rq
wkh uljkw/ wkh Qwk lqwhuydo/ volghv rxw ri wkh vxssruw dqg wkhuh lv rqo| rqh Q ￿4 sduwlwlrq
vxfk wkdw wkh xsshu erxqg ri wkh Q ￿ 4wk lqwhuydo frlqflghv h{dfwo| zlwk ￿=
46Vhh wkhruhp 6 dqg 8 lq ^8‘ zklfk vd| wkdw erwk wkh vhqghu dqg wkh uhfhlyhu vwulfwo|
suhihu htxloleulxp sduwlwlrq zlwk pruh vwhsv1
4<pdvvhv ri wkh w|shv ehwzhhq wkh slhfhv ri wkh vnhohwrq duelwudulo|1 Li wkh
pdvv ri d slhfh zkhuh wkh glvwruwlrq lv vxevwdqwldo lv vx!flhqwo| odujh/ wkhq
wkh htxloleulxp lv qhfhvvdulo| lqh!flhqw1
8F r q f o x v l r q
Rxu prgho vxjjhvwv wkdw wkh ehqhyrohqw vrfldo sodqqhu pd| kdyh d kdug wlph
jdlqlqj fuhglelolw| iru lwv dfwlrqv dqg phvvdjhv/ wklv hyhq wkrxjk lwv remhfwlyh
dqg wkh frqvxphu*v duh doljqhg111 Wkh pdlq frqvwudlqw lv wkdw lqfhqwlyhv wr
h{djjhudwh wkh lqglylgxdo frqvhtxhqfhv ri d frqvxphu*v dfwlrqv wr rswlpl}h
wkh vrfldo lpsdfw duh v|vwhpdwlf1 Lq wkh fdvh ri wkh ixoo lqirupdwlrq htxlole0
ulxp/ wkh vrfldo sodqqhu lv irufhg wr glvwruw lqfhqwlyhv pruh/ wkh vwurqjhu wkh
lqglylgxdo frqvhtxhqfhv1 Lq rwkhu whupv/ li wkh uhdo lpsdfw ri fljduhwwhv lv
yhu| vwurqj/ wkhq wd{hv rq wredffr kdyh wr eh ryhuo| vwurqj frpsduhg wr wkh
rswlpdo wd{hv1
Zh dovr vkrz wkdw wkh lqirupdwlrq frqwhqw ri wkh wd{ lv pruh lpsru0
wdqw wkdq wkh iuhh phvvdjh= htxloleuld fdq eh duelwudulo| dssur{lpdwhg zlwk
vwudwhjlhv zkhuh fkhds wdon grhv qrw pdwwhu1 Xvlqj lghdv ã od Pdvnlq dqg
Wluroh +4<<5,/ rqh fdq frqvwuxfw d phfkdqlvp lq zklfk vljqdolqj frvwv duh
plqlpl}hg1 Exw wkh| fdqqrw eh dqqlklodwhg1 Wkh lvvxh uhpdlqv wkh vdph=
krz wr lqirup fkhdso| dqg fuhgleo| zkhq hyhq wkh ehvw h{shuwv pd| eh vxv0
shfwhg wr vhuyh sduwlfxodu lqwhuhvwv/ dqg zkhq hyhq wkh ehvw lqwhqwlrqv lqgxfh
olhvB Wklv jlyhv rqh pruh mxvwlfdwlrq iru jhqhudo hgxfdwlrq= wkh sxeolf eh0
frph deoh wr mxgjh e| wkhpvhoyhv wkh uhohydqfh ri wkh dujxphqwv/ dqg duh
ohvv vhqvlwlyh wr fdmrohu|1
Uhihuhqfhv
^4` Dxvwhq0Vplwk/ Gdylg dqg Mhuh| V1 Edqnv +5333,= Fkhds Wdon dqg
Exuqhg Prqh|/ Mrxuqdo ri Hfrqrplf Wkhru|/ BB/ BB/ BBBB1
^5` Edwwdjolql/ Pdufr +5333,= Pxowlsoh Uhihuudov dqg Pxowlglphqvlrqdo
Fkhds Wdon/ sdshu suhvhqwhg dw wkh 5333 UHV Wrxu lq Wrxorxvh1
^6` Eìqderx/ Urodqg dqg Mhdq Wluroh +4<<<,= Vhoi0Frqghqfh= Lqwhushu0
vrqdo Vwudwhjlhv/ sdshu suhvhqwhg dw wkh JUHPDT0FHSU Frqihuhqfh
rq Hfrqrplfv dqg Sv|fkrorj|/ Wrxorxvh1
^7` Eurzq/ Jdugqhu dqg Gdylg I1 Od|wrq +4<<9,= Uhvlvwdqfh Hfrqrplfv=
Vrfldo Frvw dqg Wkh Hyroxwlrq ri Dqwlelrwlf Uhvlvwdqfh/ Hqylurqphqw
dqg Ghyhorsphqw Hfrqrplfv/ 4/ 6/ 67<6881
53^8` Fudzirug/ Ylqfhqw S1 dqg Mrho Vreho +4<;5,= Vwudwhjlf Lqirupdwlrq
Wudqvplvvlrq/ Hfrqrphwulfd/ 83/ 9/ 476447841
^9` Iduuhoo/ Mrvhsk dqg Pdwwkhz Udelq +4<<9,= Fkhds Wdon/ Mrxuqdo ri
Hfrqrplf Shuvshfwlyhv/ 43/ 6/ 43644;1
^:` Ohy|/ Vwxduw E1 +4<<5,= Wkh Dqwlelrwlfv Sdudgr{/ Sohqxp Suhvv/ Qhz
\run1
^;` Pdvnlq/ Hulf dqg Mhdq Wluroh +4<<5,= Wkh Sulqflsdo0Djhqw Uhodwlrqvkls
zlwk dq Lqiruphg Sulqflsdo/ LL = Frpprq Ydoxhv/ Hfrqrphwulfd/ 93 /
4751
^<` Rnhnh/ Luxnd Q1/ Odplqndqud/ Dghed|r/ Hghopdq/ Urehuw +4<<<,= Vr0
flrhfrqrplf dqg Ehkdylrudo Idfwruv Ohdglqj wr Dftxluhg Edfwhuldo Uh0
vlvwdqfh wr Dqwlelrwlfv lq Ghyhorslqj Frxqwulhv/ Hphujlqj Lqihfwlrxv
Glvhdvh/ 8/ 4/ 4;5:1
^43` Yloohqhxyh/ Ehuwudqg +5333,= Wkh Frqvhtxhqfhv iru d Prqrsrolvwlf Lq0
vxudqfh Ilup ri Hydoxdwlqj Ulvn Ehwwhu wkdq Fxvwrphuv= Wkh Dgyhuvh
Vhohfwlrq K|srwkhvlv Uhyhuvhg/ iruwkfrplqj lq wkh Jhqhyd Sdshuv lq
Ulvn dqg Lqvxudqfh Wkhru|1
^44` Ylvfxvl/ Z1 Nls +4<<3,= Gr Vprnhuv Xqghuhvwlpdwh UlvnvB Mrxuqdo
ri Srolwlfdo Hfrqrp|/ <;/ 9/ 45860459<1
DD s s h q g l {
D14 Surri ri Sursrvlwlrq 4
Ohw ~Ee w'L7Ee %ce |cw  L7E%c|cw Zh zloo frqvlghu=
~
￿Ee w'
b# nE  bw  E  b2e w
E# nE  be w2 +47,
Fohduo|/ wklv h{suhvvlrq fkdqjhv vljq rqo| rqfh/ zklfk lpsolhv wkdw wkhuh
h{lvwv d xqltxh rswlpxp=
e w ' w
W '
b#




wkdw lv/ wkh lqwhuhvw wr plvuhsuhvhqw vhqghu*v w|sh lv pd{lpdo iru d qlwh ydoxh
ri e w wkdw lqfuhdvhv zlwk b dqg # Pruhryhu iru b 'f c wkhuh lv qr plplfnlqj1
54~ ehlqj vlqjoh0shdnhg/ zh duh vxuh wkdw U 'fkdv d pd{lpxp ri wzr
urrwv= wkh wuxwk e w ' wc dqg wkh pd{lpdo olh e w ' w4@  Xqiruwxqdwho|/ w4@  lv
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#e w nE  bwe w
E# nE  bwEb# nE  bw  E  b2e w
+49,




￿3b1 Vlwxdwlrqv zlwk d kljkhu ghjuhh ri lqh!flhqf| +kljkhu
b duh vxemhfw wr vwurqjhu wkuhdwv iurp wkh sduw ri wkh dxwkrulwlhv1 Wklv suryhv
4= wkh vhfrqg0ehvw lv qrw lpsohphqwdeoh li wkh vxssruw lv frqwlqxrxv1
Lq Iljxuh 4/ e w lv wkh uhsruwhg w|sh/ w l vw k hw u x hw | s h /wW lv wkh ydoxh zklfk
pd{lpl}hv lqfhqwlyh wr plvuhsruw dqg qdoo| w4@  lv wkh ydoxh vxfk wkdw wkh
vhqghu kdv qr lqfhqwlyh wr vljqdo e w:w 4@ 1 Li wkh vxssruw lv qlwh/ zh fdq
rughu wkh ydoxhv dv wf 	w ￿ 	  	w ￿  	w ￿ G li iru doo c w￿n￿ :w ￿c4@ 
zkhuh w￿c4@  lv wkh pd{lpdo olh iru w ' w￿c wkhq iru d ydoxh ri b vx!flhqwo| orz
ru iru d glvwdqfh ehwzhhq w￿ dqg w￿n￿ vx!flhqwo| kljk/ wkhuh lv qr lqfhqwlyh
wr plvuhsruw1 Lqghhg/ htxdwlrq +49, suryhv wkdw w4@   w lqfuhdvhv zlwk b
dqg/ frqyhuvho|/ zkhq b 'f cw 4@  frqyhujhv wr w Dv d frqvhtxhqfh wkh
vhfrqg0ehvw doorfdwlrq fdq eh lpsohphqwhg1 Wklv suryhv 51
D15 Surri ri Ohppd 4
41 Iurp +5, zh vhh wkdw wkh frqvxphu*v dfwlrq lv lqghshqghqw ri wkh wuxh
w|sh w Pruh vshflfdoo|/ % ' %WEe wc| zkhuh e w duh xsgdwhg eholhiv1 Lq d
jlyhq htxloleulxp/ zh frqvlghu qrz wkh vhqghu*v lqfhqwlyh frqvwudlqw> w|sh
w zloo suhihu srolf| ￿ ' S Ew￿ wr dq| 2 ' S Ew2 +lpso|lqj/ uhvshfwlyho|/
frqvxpswlrqv %￿ dqg %2,l id q gr q o |l i =
LE%￿  E# n w n b|￿%￿  LE%2  E# n w n b|2%2 +4:,
Li zh ghqh ~Ew dv wkh ydoxh ri sod|lqj ￿ plqxv wkh ydoxh ri sod|lqj 2c
fohduo|/ _~
_w ' %2  %￿c d frqvwdqw1 Ohw*v ghqrwh e| KE￿c 2 wkh vhw ri w|shv
vxfk wkdw srolf| ￿ lv suhihuuhg wr srolf| 2 Fohduo| qrz/ ;￿c 2c KE￿c 2
lv d kdoi vwudljkw0olqh/ wkh zkroh uhdo olqh/ ru dq hpsw| vhw1 Iurp wklv uhvxow
lw iroorzv wkdw li wzr ydoxhv ri w duh vxfk wkdw wkh| lpso| wkh vdph suhihuuhg
srolf| c wkhq doo wkh w|shv zklfk duh ehwzhhq wkhvh ydoxhv duh fkdudfwhul}hg
e| wkh vdph suhihuuhg srolf|1
51 Lw vx!fhv wr fkhfn wkdw wkh xwlolw| lv txdvl0frqfdyh1 Wr gr wklv/ zh
fkhfn wkdw wkh vxffhvvlyh sulqflsdo plqruv ri wkh erughuhg Khvvldq pdwul{



























Wkh uvw dqg vhfrqg duh htxdo wr }hur/ dqg zh qg b2











# n w  E  b|  e w
# n w  |  E n be w
+4<,
eh wkh PUV ehwzhhq | dqg e w Lwv ghulydwlyh zlwk uhvshfw wr w lv
bE| n e w
E# n w  |  E n be w2c +53,
zklfk lv srvlwlyh iru |  f +Qrwlfh wkdw xsshu frqwrxuv ehlqj forvhg/ wzr
lqglhuhqfh fxuyhv furvv wzlfh dw ohdvw> zh suryhg khuh wkdw lq wkh grpdlq ri
lqwhuhvwsrvlwlyh wd{ udwhfurvvlqj rffxuv rqfh dw prvw/ zklfk lv vx!flhqw
wr uhwulhyh wkh vwdqgdug dujxphqw edvhg rq vlqjoh furvvlqj1,
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D1614 Glhuhqwldeoh Htxloleuld
Wklv dqdo|vlv iroorzv wklv sodq= uhdvrqlqj rq orfdo lqfhqwlyh frpsdwlelolw|/ zh
qg wkh ruglqdu| glhuhqwldo htxdwlrq vdwlvhg e| dq| htxloleulxp wd{ srolf|
dqg zh holplqdwh vroxwlrqv zlwk wd{ udwhv ehorz wkh vhfrqg0ehvw vfkhgxoh> zh
fkhfn joredo lqfhqwlyh frpsdwlelolw| dorqj wkh htxloleulxp srolf|> zh vhdufk
iru r0htxloleulxp eholhiv +l1h1 dvvrfldwhg zlwk r0htxloleulxp wd{ udwhv, wkdw
glvfrxudjh ghyldwlrqv> wklv jlyhv d xqltxh htxloleulxp1
Orfdo Lqfhqwlyh Frpsdwlelolw| Zh uhdvrq rq lqfhqwlyh frqvwudlqwv1 Vwduw0
lqj iurp wkh idfw wkdw wkh vrfldo sodqqhu suhihuv |Ew +dqg wkh lpsolhg %Ew




￿%  E# n w n b|%
￿ 'f +54,
Jlyhq wkdw wkh frqvxphu*v uvw0rughu frqglwlrq lv
L
￿ ' w n |c +55,
56zh fdq holplqdwh L￿ wr jhw +diwhu vlpsolfdwlrq,
|%
￿ ' b|
￿% nE # n b|%
￿ +56,













zkhuh wf dqg |f ' |Ewf duh lqlwldo frqglwlrqv1 Htxdwlrqv +57, dqg +<, gh0




















f ' Frqvwdqw +58,
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+59,








￿  E# n w n b|%
￿￿c +5:,













￿  f +5<,
Dssolhg wr +58, xvlqj +<,/ zh fdq vhh wkdw %￿  f li dqg rqo| li |:# bw
Zh frqfoxgh wkdw wkh wd{ udwh lv odujhu wkdq wkh vhfrqg0ehvw wd{ udwh lq dq|
htxloleulxp1




#  E  b|
|  # n bw
+63,
zlwk |:# bw1
57Joredo Lqfhqwlyh Frpsdwlelolw| Lw uhpdlqv wr eh fkhfnhg wkdw wkh sur0
judp ri wkh sulqflsdo lv zhoo0ehkdyhg/ l1h1 wkdw zh duh qrw lq d fdvh zkhuh
lqqlwhvlpdo ghyldwlrqv duh uhmhfwhg +ri wklv zh duh vxuh ehfdxvh ri wkh uvw0
dqg vhfrqg0rughu frqglwlrqv, zkhuhdv qlwh ghyldwlrqv duh srvvleoh1 Ohw w eh
wkh wuxh ydoxh ri wkh vhfrqgdu| hhfwv sdudphwhu1 Zh fdofxodwh wkh ghulydwlyh
+zlwk uhvshfw wr e w, ri wkh vrfldo sodqqhu*v xwlolw| frqwhpsodwlqj rhulqj |Ee w/
wkhuhe| lqgxflqj %Ee wG
%
￿Ee wL
￿E%Ee w  Eb|






￿Ee w%Ee wnE # n w n b|Ee w%
￿Ee w
Xvlqj +56,/ zh qg wkdw wkh iroorzlqj h{suhvvlrq kdv wkh vdph vljq dv +64,
%Ee wE|Ee wnw   +65,
Jlyhq +<,/ lw ehfrphv fohdu wkdw +64,/ lv srvlwlyh iru e w	wdqg qhjdwlyh iru
e w:w Lqfhqwlyh frpsdwlelolw| lv vdwlvhg hyhu|zkhuh iru htxloleulxp dfwlrqv1
Xqltxhqhvv ri wkh Glhuhqwldeoh Htxloleulxp Wkh gl!fxow| qrz lv
wr qg dssursuldwh eholhiv iru r0htxloleulxp dfwlrqv1 Ohw |Ew eh d vroxwlrq
wr +63, vxfk wkdw wkhuh h{lvwv 0:f zlwk |Ew :# bw n 0c;w Jlyhq +63,/
hlwkhu |Ew lv v|vwhpdwlfdoo| deryh
#
￿3b ru |Ew lv vwulfwo| lqfuhdvlqj/ lq dq|
fdvh #  bw 	 4?w |Ew1 Zh fkrrvh dq duelwudu| | lq +#  bwc4?w |Ew dqg
zh ghqrwh e| e w wkh dvvrfldwhg eholhi1 Lw lv fohdu wkdw zkhq e w lv wkh w|sh ri
wkh vrfldo sodqqhu/ sod|lqj | +zklfk lv forvhu wr wkh vhfrqg0ehvw, lv suhihuuhg
wr sod|lqj |Ee w Dv d frqvhtxhqfh/ vroxwlrqv vxfk wkdw |Ew :
#
￿3b fdq eh
holplqdwhg dv zhoo dv lqfuhdvlqj vroxwlrqv zlwk |Ew 9' #  bw1 Wkhuhiruh/ wkh
h{lvwhqfh ri 0 i r ud qd g p l v v l e o hv r o x w l r ql vq r ws r v v l e o hd q g|Ew'#bw +qr
glvwruwlrq dw wkh erwwrp,1
Li iru |:| Ewc eholhiv duh wc | lv qrw dwwudfwlyh= lqghhg/ |Ew lv qrw dw0
wudfwlyh/ dqg | lv zruvh1 Qrz zh suryh wkdw wkh eholhiv dvvrfldwlqj w wr
dq| wd{ udwh ehorz |Ew gr qrw lqgxfh ghyldwlrqv1 Wkh ydoxh iru wkh vr0
fldo sodqqhu ri w|sh w wr lpsrvh |	| Ew wkhuhe| lqgxflqj eholhi wc lv=
*L}Ew n | 
#nwnb|
wn| n ` Wkh urrw ri wkh ghulydwlyh zlwk uhvshfw wr | lv
#nwEnbw :#bw ' |Ew Wkh ydoxh ehlqj lqfuhdvlqj zlwk uhvshfw wr |
ryhu ^fc|Ewo/ |Ew lv d ehwwhu pryh wkdq dq| |	| Ew Jlyhq wkdw htxloleulxp
dfwlrqv duh lqfhqwlyh frpsdwleoh/ qhlwkhu |Ew qru | duh ghvludeoh/ frpsduhg
wr |Ew1 Zh kdyh wkh xqltxh htxloleulxp doorfdwlrq1
58D1615 Xqltxhqhvv lq Jhqhudo
Ohw xv wdnh d ixoo| uhyhdolqj htxloleulxp1 Jlyhq wkdw wkh vrfldo sodqqhu*v
suhihuhqfhv/ iru frqvwdqw eholhiv/ duh vlqjoh0shdnhg zlwk uhvshfw wr | +vhh wkh
frqyh{lw| surshuw| lq Ohppd 4,/ dqg jlyhq wkh ydoxh ri lwv htxloleulxp vwudw0
hj|/ wkhuh h{lvw d pd{lpxp ri wzr wd{ udwhv shu wc |uEw dqg |LEwc erwk
ehlqj vxerswlpdo +dv frpsduhg wr wkh vhfrqg0ehvw, zkhq glhuhqw1 Pruh
suhflvho|/ |uEw  #  bw  |LEw,1 Wkh Wkhruhp ri wkh pd{lpxp hqvxuhv
wkdw wkh ydoxh ri wkh vrfldo sodqqhu*v htxloleulxp vwudwhj| lv frqwlqxrxv zlwk
uhvshfw wr wc wkhuhiruh ixqfwlrqv |uE dqg |LE duh frqwlqxrxv zlwk uhvshfw
wr w Zh ghqrwh e| Xu dqg XL wkh vxevhwv ri dwcwo o h d g l q jw rdp r y hl qw k h
orzhu/ uhvshfwlyho| lq wkh xsshu/ vhohfwlrq1 Qrwlfh wkdw Xu ^ XL 'd wcwo exw
Xu _ XL 9' > li pl{hg vwudwhjlhv duh xvhg1
W k h u v wv w h sl vw rs u r y hw k d wXu lv qrw ghqvh lq dq| lqwhuydo ri dwcwo1
Zh uhdvrq e| frqwudglfwlrq= ohw xv wdnh a dq lqwhuydo lq dwcwo zkhuh Xu lv
ghqvh1 Ohw xv wdnh wf 5 ac dqg d vwulfwo| prqrwrqlf vhtxhqfh +w??D￿ lq Xu




|f3#nbwf c zkhuh |? ghqrwhv |uEw? Lqghhg/ lqfhqwlyh frqvwudlqwv +w? zlvk qrw
wr plplf wfc dqg ylfh0yhuvd, lpso| wkdw=
*L}Ew? n |? 
# n w? n b|?
w? n |?
 *L}Ewf n |f 
# n w? n b|f
wf n |f
+66,
*L}Ew? n |? 
# n wf n b|?
w? n |?
 *L}Ewf n |f 
# n wf n b|f
wf n |f
+67,
Wkhuhiruh +wdnlqj d uvw0rughu dssur{lpdwlrq/ dqg pxowlso|lqj e| +wfn|f2
+68,
f  EE  b|  #Ew?  wfnE |  # n bwE|?  |fnJEw?  wfnJE|?  |f
+69,
f  EE  b|  #Ew?  wfnE |  # n bwE|?  |fnJEw?  wfnJE|?  |f
Wklv suryhv wkdw |u lv glhuhqwldeoh dw wfc wkhuhiruh glhuhqwldeoh rq lqwhuydo
a +wkh olplw ri wkh udwh ri yduldwlrqv lv wkh vdph iru doo vhtxhqfhv,1
D vroxwlrq ri wkh glhuhqwldo htxdwlrq +63, vlwxdwhg ehorz wkh vhfrqg0ehvw
wd{hv lv lqfhqwlyh frpsdwleoh dw qr srlqw +wkh vhfrqg0rughu vroxwlrq lv qhyhu
vdwlvhg/ vhh surri ri Sursrvlwlrq 5/ Vxevhfwlrq D1614,/ zh fdq frqfoxgh wkdw
vwudwhj| |u lv qrw lqfhqwlyh frpsdwleoh/ dqg wkdw wkh lqwhuydo a grhv qrw h{lvw1
Lw lv hdv| qrz wr frqfoxgh wkdw XM lv ghqvh lq dwcwoGwkh frpsohphqwdu|
vhw +lq dq lqwhuydo, ri d vhw zklfk lv qrzkhuh ghqvh lv ghqvh1 Lq frqvhtxhqfh/
|L vdwlvhv wkh glhuhqwldo htxdwlrq +63, lq d ghqvh vxevhw ri dwcwo/z k l f k
59vx!fhv wr jxdudqwhh wkdw lw grhv vr hyhu|zkhuh1 Wkh xsshu vhohfwlrq lv
qhfhvvdulo| htxdo wr wkh xqltxh glhuhqwldeoh htxloleulxp vwudwhj|/ vlqfh zh
fdq dsso| wr |LE wkh uhdvrqlqj vxlwhg iru glhuhqwldeoh htxloleuld1
Lw uhpdlqv wr eh suryhg qrz wkdw Xu frqwdlqv d qlwh qxpehu ri srlqwv1
Ohw xv wdnh w￿ dqg w2 5 Xu +zkhuh w￿ 9' w2, zlwk fruuhvsrqglqj wd{ udwhv |￿
dqg |2 Ohw xv ghqrwh e| |￿E + ' c2 wkh vroxwlrq wr +63, zlwk pd{lpdo
grpdlq sdvvlqj wkurxjk |￿ dw w￿1 Qrwh wkdw hlwkhu |￿E dqg |2E duh wkh vdph/
ru rqh lv v|vwhpdwlfdoo| deryh wkh rwkhu +dffruglqj wr wkh Fdxfk|0Olsvfklw}
Wkhruhp/ wzr glhuhqw vroxwlrqv wr glhuhqwldo htxdwlrq +63, qhyhu furvv,1
Dvvxph iru {lqj lghdv wkdw |2E lv deryh |￿Ec lq sduwlfxodu/ li wkh wzr
fxuyhv duh vx!flhqwo| forvh wr hdfk rwkhu/ |2Ew￿ l vg h  q h gd q gl vo d u j h uw k d q
|￿ Qrwlfh wkdw |2Ew￿ lv forvhu wr wkh vhfrqg0ehvw wkdq |￿ Lq dgglwlrq/ rxu
vwxg| ri wkh lqfhqwlyhv zkhq wd{hv duh ehorz wkh vhfrqg0ehvw vkrzv wkdw/
zkhq wkh w|sh lv w￿c| 2 zlwk eholhi w2 lv suhihuuhg wr |2Ew￿ zlwk eholhi w￿ +wkh
uvw0rughu frqglwlrq vhohfwv plqlpd/ dv suryhv wkh vhfrqg0rughu frqglwlrq,
E| wudqvlwlylw|/ |2 lv suhihudeoh wr |￿ z k h qw k hw u x hw | s hl vw2 Wklv lv lq
frqwudglfwlrq zlwk lqfhqwlyhv1 Li wkhuh lv dq lqqlwh qxpehu ri w|shv lq Xuc
z hf d qd o z d | vh { k l e l ww￿ dqg w2 zklfk duh forvh hqrxjk wr hdfk rwkhu iru wkh
suhfhglqj uhdvrqlqj wr eh dssolfdeoh1 Zh frqfoxgh wkdw Xu frqwdlqv d qlwh
qxpehu ri srlqwv1
Uhpdun wkdw h{0srvw/ zh fdq frqfoxgh wkdw fkhds wdon lv qrw lq xhqwldo
vlqfh wkh wd{ udwh lv d vx!flhqw vljqdo ri wkh fxuuhqw vwdwh1
D17 Surri ri Sursrvlwlrq 6
+4, Zh vkrz khuh wkdw sureohp +45, phhwv wkh dvvxpswlrqv ri FV1 Wkh vxs0
sruw ri wc X6c lv dqdorjrxv wr wkh w|sh0vxssruw ri FV/ dfco Li zh pdnh wkh
iroorzlqj fkdqjh ri yduldeohv lq FV*v vhwwlqj= + ' %c rxu prgho yhulhv h{0
dfwo| wkh FV*v dvvxpswlrqv1 Lq idfw L￿c' 7c-/l vv x f kw k d wL￿
￿ E%cwc7 |'f
iru vrph % dqg L￿
￿￿E 	 f +sduwldo ghulydwlyhv duh ghqrwhg e| vxevfulswv
lq wkh xvxdo zd|,/ vr wkdw L￿ kdv d xqltxh pd{lpxp lq % iru hdfk jlyhq
Ewc# Frqfhuqlqj wkh h{whuqdolw|/ dv zh srlqwhg rxw ehiruh/ # lv zkdw hvvhq0
wldoo| pdnhv wkh sod|huv* xwlolw| ixqfwlrqv wr glyhujh dqg/ dv d frqvhtxhqfh
@h}4@ % L7E%cwc#c7 |  @h}4@ % L-E%cwc7 |c;w1 Wkh vruwlqj frqglwlrq lv
L￿
￿2E 	 f/ lw hqvxuhv wkdw wkh ehvw ydoxh ri % iurp d ixoo| lqiruphg djhqw*v
vwdqgsrlqw lv d vwulfwo| ghfuhdvlqj ixqfwlrq ri wkh wuxh ydoxh ri w
Wkhruhp 4 lq FV vkrzv wkdw zkhq #:f doo htxloleuld lq wkh prgho duh
sduwlwlrq htxloleuld Dv zh srlqwhg rxw lq wkh wh{w/ lq rxu prgho zkhuh dovr
frvwo| vljqdoolqj lv xvhg/ sureohpv frqfhuqlqj h{lvwhqfh ri htxloleuld dulvh1
Lq idfw jlyhq d vnhohwrq/ urxjko| vshdnlqj/ zkhq zh pdnh d sduwlwlrq ri X6
ã od FV zh fkdqjh wkh lqglhuhqfh w|shv r ' w￿ dqg rn￿ ' w￿￿ +vhh rxu
5:Wkhruhp 4, vxfk wkdw qhz rxw ri htxloleulxp eholhiv duh qhhghg wr vxssruw
wkh vljqdoolqj0rqo| lqlwldo htxloleulxp1 Iru wklv uhdvrq wkh sduwlwlrq ri wkh
w|sh lqwhuydo X6 ghqhg e| FV*v Wkhruhp 4 rqo| fkdudfwhul}hv lqfhqwlyh
frpsdwleoh vwudwhjlhv dqg qrw htxloleuld khuh1
+5, Zh vkrz khuh d vx!flhqw frqglwlrq iru prqrwrqlflw|1 Jlyhq wkdw
lq rxu vhwwlqj L7E%cwcfc7 |'L-E%cwc7 |c# f dqg L7
￿￿ 	 f hyhu|zkhuh/
Wkhruhp 5 lq FV ghwhuplqhv vx!flhqw frqglwlrqv rq sulruv dqg suhihuhqfhv
wkdw lpso| wkh prqrwrqlflw|1 Wkh uvw frqglwlrq ri wkh wkhruhp/ surylghg
wkh fkdqjh ri yduldeoh + ' %c l vd o z d | vy h u l  h gl qr x up r g h o 1W k hv h f r q g







￿￿ E%s Ew_w nE L
￿ E%  w  7 |s Ew

 f +6:,
zklfk/ diwhu ghulydwlrq dqg lqwhjudwlrq/ jlyhv
EL
￿￿ E%  s EwnE L
￿ E%  w  7 |s
￿ Ew  f +6;,
zkhuh wkh uvw whup lq wkh lqhtxdolw| lv qhjdwlyh dqg wkh vhfrqg fdq eh
srvlwlyh ru qhjdwlyh1 Zkhq L￿ E%  w  7 | dqg s￿ Ew kdyh rssrvlwh vljq/
frqglwlrq +6;, lv dozd|v yhulhg1 Zkloh zkhq wkh wzr suhylrxv whupv kdyh
wkh vdph vljq/ +6;, lv d vx!flhqw frqglwlrq iru prqrwrqlflw|1
5;